A?[2[[] (1 - Cos (2ni/a)x)dx] = 1

A?2[x — a/2nx Sin(2n/a)x)dx] (0 U x [ a) =1

A?/2[a— 0 + a/2nx Sin(2ni/a) 0+0] = 1

A? = 2/a,

Hence W = (2/a)"2 Sin (WIX/2)X.......covverrrererrerreeane. (29)

Equation (29) is now the desired solution. We can now calculate the probability of finding the
particle at any point, X, once the values of n, x and a are known.

Note also that we can now calculate AE for n equals two different values e.g. 2 and 3 from
equation (28)

The probability is [(xn] so if the value of n, x and a are known, then it can be evaluated.

Particle in a Three Dimensional Box

We have been dealing with particle in a box. Here we want to expand the box to three
dimensions. The particle is confined to a regular shape with sides of a, b, and ¢ by having an
infinite potential outside the box.

The time-independent Schrodinger equation for a single particle of mass m, moving in three
dimensions is

W (xy,2) = EP (xy,2)eceveeriesiiniiiiii s (32)
Where the Hamittonian operator is [ = - (§%/2m) vz P+ Vixy2)eoeromriersanre (33)
And SO72 = dYdX% + d2AY? + QIAZ2 e (34)

Where VZ = laplacian operator or Del square.
The wave function is normalized so that (-co [1 x [ +00) = [1 W*(xy W xyndXdydz = 1.......... (35)
If a particle can move in three dimensions, its probability density P(x,y,z) is given by

P(X’y’z) = \P*(X’y’z)\{](x’y,z) .................................................................................................... (36)



The probability that x coordinate is between x and x + dx, the y coordinate is between y + dy and
the z coordinate is between z + dz is Py »dxdydz = ¥Y*y.nPxydxdydz which can be
shortened to WY*WdT where dT represents the differential element of volume dxdydz.

Since the potential within the box is zero, the following partial differential equation for the
region inside the box is obtained as -h%/2m(d%/dx? + d’/dy? + d*/dz*)¥ = EW................. (37)

If we assume that the wave function ¥ is the product of three functions each depending on just
one coordinate we will have;

‘P(X,y,z) = X(X) Y(y) Z(Z) ........................................................................................................ (38)
By substituting this for ¥ in equation (37) and then divide by X Y(y) Z(z We obtained
-H22M(L/X g [dPX oy /dX?] +11Y [ d2Y /dy?] +1/Z) 8 Z)/dZ]) = EW...ooooo. (39)

Since the terms on the left hand side of the equation are a function of different independent
variable and this can be varied independently of one another, each must equal a constant in order
that the sum of the three terms equals a constant for all values of x, y and z.

O OO (40)

This coverts the partial differential equation (39) into three ordinary differential equations that
can be easily solved

BP2M(LX [APXKIAXT] = Expernrrrereereeeeeeiee s (41)
BP2M(LIY () LAPY () AY?] = Byt s (42)
BP2M(UZA[A*ZD)AZ] = B (43)

These equations are just like equation (27) and may be solved in the same way to obtain

X(X) = A(x) Sin NnyJIx/a = A(x) Sin (2mEX/ bz)llzx ................................................................. (44)
Y = Agy) Sin nyty/b = Agy)y Sin (2MEy/ B2V (45)
Zy = A SIN Ntz/c = Ay Sin (2MEs/ 57)2Zuccoovie e (46)

Where a, b and c are the lengths of the sides in the X, y and z directions respectively, ny, ny and n,
are non-zero integers called quantum numbers and Ex = h’n,?/8ma® and so on.

Thus there is a quantum number for each coordinate. When the wave function is normalized, we
obtained W(xyz) = (8/abc)® Sin nyda Sin NyIy/D SIN NT/C o (47)

When the Eigen function is substituted in egn (37) we obtained:



E = h2/8M(né/a” + Ny 0% + N2ICE) oot (48)

The three quantum numbers are independent and for a given set of three quantum numbers there
is in general, a unique value for the a #b # c.

If the sides of the box are equal; if a = b = c, the energy levels are given by
E = h2/8Ma” (M + N2 + N7 (49)

If a # b # c, there may be several combinations (ny, Ny, N;) that yield the same energy for example
(2,1,1), (1,2,1) and (1,1,2) have the same energy. These three states of the system (with different
wave function) make up a level that we can refer to as the 211 level. Such an energy level is said
to be degenerate and the degeneracy is equal to the number of independent wave functions
associated with a given energy level as shown below. Note that 111 level is non-degenerate.

N, Ny, Nx 111 211 221 | 311 | 222 | 321 | 322 | 411 | 331

Degeneracy 1 3 3 3 1 6 3 3 3

The degeneracy of a translational energy level increases rapidly with energy. If n* = n,® + ny2 +
nZ, the E = h?¥(8ma?). n?

If we think of allowed values of ny, as point along x-axis, ny along the y-axis and n, along the z-
axis, then n can be taught of as the length of a vector in this three dimensional space. All such
vectors with the same length have the same energy they represents degenerate states.

The Degeneracy of quantum levels at thermal energy

The most probable transistional energy for an atom in a gas at temperature T. is equal to 3/2KT.
Where K = R/Na = Boltzman constant.

Reduced Mass and Moment of Innertial of Molecules
Let define p as the reduced mass = MiMa/Mi+FMy cooiiiiiiiiiiiie s (50)

Where m are the molar mass in kg. E.g. The reduced mass for CO is given by p = mimy/m;+m;
= (12 x 107%)(16 x 10)/(12+16) x 10° x 6.022 x 10%

=1.139 x 10% kg

The moment of Inertia (1) is defined by the equation I = uR,? fo the rotation of a classical particle
about the axis. Where Re is the equilibrium internuclear distance between the nuclei of a
molecules.



Rotational energy levels of Molecules

A rotating molecule has quantized angular momentum. In considering the rotational energy
levels of molecules, the rotational quantum number is denoted by J so that

E S D220 J(IHL) ettt ettt (51)

The square of the total angular momentum is given by L% = J(J +1)  where J = 0, 1, 2.

The angular momentum vector L with respect to a particular direction is definedas Lz =-1, 0, )
Where the choice of the z axis is entirely arbitrary.

Calculate the reduced mass and the moment of innertia of CO the equilibrium internuclear
distance is 123.5 x 10™*%. What are the values of Lz given that J= 1, C = 12, O = 16.

Summary Particle in a Three-Dimensional Box

Consider a particle constrained to move in a rectangular box of dimensions a, b, and c in length.
Within the box (i.e. between x =0 and a; y =0 and b and z = 0 and c), the potential energy is
zero at the walls and everywhere outside the box, the potential is .

Recall S.E for 3-dimensional box

d?/dx® + d? W/dy? + d*¥/dz* +8x°'m/h® (E -V) ¥ =0

Where ¥ and V are f(X,y, z). Since V = 0 inside the box, then the last equation becomes
d2W/dx® + d? W/dy? + d®W/dz% + 8IPM/INZ EF = 0., (52)

Equation (52) may be solved by writing the wave function as the product of three functions each
depending on one coordinate

Wiy2) = K Y () Z@)eeerreeeeremmmmmiiniiisis i s s s (53)
Differentiating equation (7)

d¥/dx = Y(y) Z) dX/dx

GPP/AX? = Y () Z) QXIAXC oo (54a)
and by a similar reasoning

PP/dy? = Xy Za) QYUY oo (54b)



APP/AZ? = Xy Y () PZIAZ% oo (54c)

Substituting equations 54a, 54b and 54c into equation (52)

Yy Zay OXIAX + Xy Ziy d2YIdy* + Xy Yy d°Z/dZ? + 8x°mih? E Xy Yy) Zz) = O...... (56)
-h?/81°m (L/X x[d*X p/dX?] +11Y [ d°Y (y/dy?] +1/Z 5y d°Z()/dZ°]) = Evoovveoevv (57)
We can write the energy level as the sum of three contributions associated with the coordinates
E S EX H EY t Bz e (58)

Using eqn (57) in (58) we can separate the expression obtained into three equations

-02/81PM (LX ([ 0PX 1/ IXT] = EXerrrrrrreresreee et (59)
-02/81PM (/Y () [02Y )/ AY?] = EYrrrrrrreereerieeveceeseeres e (60)
~02/81PM (UZ [0 Z () AZ%] = EZuvureoeeeeeeeeees e (61)

Each of eqns 59, 60, 61 is similar to the expression for the particle in a one dimensional box.
Hence their solutions are

X = (2/a)"2 Sin (nxm,/a) En,= nx’h’/8ma?

Y = (2/b)*? Sin (nymy/b) En,,= n,?h’/8mb?

Zw = (2/c)? Sin (nn,/a) En,.= n,*h?%8ma’

Where a,b,c are lengths in x,y,z direction respectively and ny, ny, n, are quantum numbers.
Since W(xy.) = X Yy) Z and E = Ex + Ey + Ez, then

Py = (8/V)2Sin nyix/a Sin Nyty/b SN NAI/C...coveeeeeeeeee e (62)
Where V is the volume of the box.

Exyz = N8M(N/A% + NyZT0% 4 N2IC%) i (63)

Whenever the 3-dimensional box has geometrical symmetry, more interesting results are often
obtained, in a cubic box, a = b =c thus egn (63) becomes

E = h2/8M(N + Ny% + N2 s (64)
Suppose ny = 3, ny = n, =2 then
Pxyz) = (8/V)2Sin 3im/a Sin 251y/b SN 25,/C.vvvvvveoreieeeesee s (65)

E = h%/8M(3% + 2% + 22) = A7hABMA% ...t (66)



Assuming we have another set of values ny = 2, ny = 3, n, = 2 then

Py = (8/V)2 Sin 211x/a Sin 3y/b SiN 2515/Cervvereeeeeeeeeveeeree e (67)
E = h%/8M(22 + 3% + 22) = A7h2BMA% ......oeoeeeeeeeeeee et (68)
Suppose n; = 3, ny = ny =2 then

Py = (8/V) 2 Sin 2i1x/a Sin 21y/b SiN 3Ta/Cureeeeeeceeeeeeeeee e (69)
E = h%/8M(22 + 2% + 3%) = 17h2BMA% ......oeoeeeeeeeeeee ettt (70)

Even though these states are different, their energies (eqn 59, 60, 61) are the same. The three
states are said to be degenerate because they have equal energy.

For a situation where ny = ny = n, = 1 it corresponds to only one state of the system. The same is
true of ny = ny = n, = 2 but for the situation such as n; = 2, 2, 1 or 3, 1, 1, three degenerate states
are obtained (figure 5 not shown): Quantized energy levels of a particle in a cubic box)

Suppose we wish to calculate the transition energy between the level E; 2, and E3 21 the,
AE = 14h%/8ma® + 12h*/8ma’ = hv
hv = 2h?/8ma’ = h?/4ma’

Given appropriate data, it should be possible for us to evaluate v. If the value of a, is known, the
transition energy can be evaluated.

Zero Point Energy
According to the old quantum theory the energy level of a harmonic oscillator is E = nhv

The lowest energy level with n = 0 would have zero energy. Based on the wave treatment of the
system, the energy level corresponds to the state with quantum numbers ny = ny = n, = 1.

The difference between these two values is called the zero point energy.
Free Electron Model

The simple calculation done for the particle in a one-dimensional box can be applied to estimate
the absorption frequency of some organic molecules, presumably conjugated dienes. The method
often employed is the free electron model. For the i electrons of these molecules. The energy for
the lowest electronic transition is that required to raise an electron from the highest filled level
(HOMO) to the lowest unfilled level (LUMO). For molecules with conjugated dienes, it has been
found that the electronic absorption bands shift to longer wavelengths (Bathochromic or red
shift) as the number of conjugated dienes is increased each carbon atom contributes one
electrons are free to move the entire length of the series of n-orbitals and are not localized on a



given carbon atom. In the free electron model, it is assume that n-system is a region of uniform
potential and that P.E rises sharply to infinity at the end of the system.

Hence the energy level, E, available to the following electron would be expected to be analogous
to that of particle restricted to move in one direction. The s-electrons are assigned to orbitals so
that there are two in each level (with opposite spin) starting with the lowest, for completely
conjugated hydrocarbon, the no of i-electrons is even and the quantum number of the HOMO is
n = N/2 where N is the number of i-electrons involved and parallels the number of carbon atoms
in the system. In absorption, an electron from the HOMO is excited to the LUMO with quantum
no n' = (N/2 + 1). The difference in energy between these levels is AE = h%/8ma?(n*? — n?) =
h?/8ma?[ (N/2 +1)% — (N/2)?]

The absorption frequency in wave number is AE = hv, ¢ = kv, AE = h¢/A = hcl]
(1 = AE/RC = hNF1)/8MAZC.....ovveeeeeee e (71)

let us consider butadiene with the structure C=C-C=C, if the 4mi-electrons are removed, we have
C*-C*-C*-C" at the boundary, the potential is infinitely large. The first transitions for the system
corresponds to electron from E,*? to E5*?*

AE = E3 —Ez
= 9h?/8ma? — 4h%/8ma?
To estimate a, two methods are used;

When end effects are not neglected, a equals the sum of bond lengths and %2 bond length of the
extensions at both extremes 1/2b.LC= C-C=C1/2b.L

When end effects are not neglected (better because V = « at the extremes)
a = 1.54 (N-1)A, where N = number of carbon atoms.
Examples: Calculate the lowest absorption wave number for octatetraene neglecting end effects.
Solution: First draw the structure end effect— C=C-C=C-C=C-C=C- end effect
a=1.54(8-1)A =10.78A
Draw the energy-level diagram to determine the quantum levels involved in the transition
AE = 5°h%/8ma® — 4°h’/8ma’
= 9h’/8ma’

But AE = hv = hcl



hcll = 9h?/8ma?, (1 = 9h/8ma’c
[1=9x6.626 x 10%/8 x 9.11 x 10 x (10.78 x 10™%)? x 3 10°
=2.347x10° m*
= 2.347 x 10%cm™
If it is energy, AE = hv = 9h%/8ma?
=9 (6.626 x 10°%)%/8 x 9.11 x 10 (10.78 x 10™9)?
=4.67 x 10™J or 2.91eV
The Hydrogen Molecule lon

The hydrogen molecule ion, H," consist of 2 protons and 1 electron and is thus the simplest
molecular system that can be encountered in nature. The hydrogen molecule ios often
represented as shown below:

We have one proton each at A and B. The potential energy for a hydrogen atom is u = -e%/ra
Similarly, the P.E for the hydrogen molecule ion is u = -e%/ra — €%/rg + €X/rAB...ovvereeeeenn (72)

The first two terms in eqns 72 represent the electrostatic attraction between the nuclei and
electron while the last term represent the repulsion between the nuclei. The kinetic energy for
molecule is K.E = P¥2m = 1/2m (P,% + P,* +P,?)

Where P = momentum of the electron, m = mass of the electron, and the electron is assumed to
be moving in three directions. Note that we have assumed rag fixed which implies that only K.E
term need be considered: the K.E due to the electron motion.

Recall S.E for a 3-dimensional system which is
d*w/dx® + d* W/dy* + d*¥/dz® +8°m/h? (E —Vixyz) P =0
which can be written as [TV = EW......ccoceviiiniiieccecie e (73)

where (1 = - h?/8m®m(d?/dx® + d*/dy? + d*/dz®) W + V(xy.) is known as the Hamittonian operator
and \7 * = d/dx* + d*/dy?* + d*/dz® is a Laplacian operator. Equation 73 is known as the
Hamittonian form of the Schrodinger equation.

Note that h = /21 and [ = - H2M T2 + Ugyz)eeeveveeerseesemeneeennssenee (74)

The Schrodinger eqn for the hydrogen molecule ion is (- §/2ms/®  + e*/rag — €/ra — €X/rg)¥ =
o8 (74)



The wave eqn is simple and it is possible to get an exact solution. We now attempt to set up S.E
for the hydrogen molecule which has two electrons and 2 nuclei as shown the figure below:

We are to write expression for the K.E, write expression for the P.E and put both expression in
the S.E.

The total K.E = (K.E); + (K.E);
= P.%/2m + P,%/2m
Where 1,2 stand for 1st and 2nd electrons
The total K.E = 1/2m (Pyi® + Pys® + P,1%) + 1/2m (Pxo” + Pyo” + PY)
The P.E for the system is
Uyz) = -€°/ria — €11 — €°/roa — €210 + €2 ag + %€ /M gurcecceecieereeveeeee, (75)
* represents repulsion between the two electrons
The S.E for the hydrogen molecule is
[- B22m(y 2 +77) - €2ria — €2/rig — €/raa - €%lrog + €l ag + €%/r1o] ¥ = EW
Which transform to
(i’ + 7)Y + 8n°m/h’ [E + €%/ria + €%/rip + €°/ron + €112 - €/ pg - €9/112]¥ = O........e. (78)

This is the required equation. Whereas it is possible to get an exact solution to egn 2.8 by
separating into any other coordinates (e.g. polar or spherical). We cannot solve eqn 3.0 exactly
because of the presence of the repulsive term e?/ri,. In this situation, we use an approximate
method to get solution to the S.E. we always aim at the energy of the system in joint form
compared with when the atoms are far apart. We have assumed that both nuclei A and B are
fixed meaning that their K.E will be almost zero. Thus instead of the K.E being:

K.E=Ka+ Kg + K.E; + K.E;

We have neglected that due to the nucleus both eqns 2.8 and 3.0 giving us K.E = K.E; + K.E; for
the hydrogen molecule. The justification for doing this is that the motions of nuclei in ordinary
molecular vibrations are so slow compared to the motions of the electrons that it is possible to
calculate the electronic states on the assumption that the nuclei are held in fixed position. Thus is
the Borh-oppenheimer approximation. What this means is that in eqn 3.0 for instance, we
consider rag constant. We can therefore calculate E for the fixed values of rag. If we change the
value of rag, a corresponding value of Erag) can be got. Thus it should be possible to make a plot
of Eqrag) against rag in the figure below (Figure (x; NOT SHOWN ) potential energy curve
showing the variation of the total energy of the system with the internuclear distance, rag).



Figure (x) is known as the potential energy curve. In this figure, the equilibrium inter nuclear
distance is reqand it corresponds to the region where the total energy of the system is a minimum
(i.e. the system is stable there). It is called the bond length. When r, is small the molecule is
unstable and also when r, is large, it is unstable because the attractive force may not be large
enough to offset the repulsive force. In between A and B, the molecule is stable but it is most
stable at reg.

The attractive state leads to bonding molecular orbitals whereas the repulsive state leads to
antibonding M.O.

We cannot obtain exact value of E for the hydrogen molecule because of the presence of the
repulsive term which made it impossible for us to separate the molecule into hydrogen atoms for
which two electrons are involved. Also the presence of —:°and <, in the S.E for the
hydrogen molecule suggests that we should look for another way of solving the equation. The
approximate method known as the variation method is often employed.



