MTS 441: Ordinary Differential Equations (3 Units)

PRQT MTS 342

Some Course Content

Existence and Uniqueness theorems, dependence of solutions on initial data and parameter.

Properties of solutions. Sturm comparison theorem. Linear system; Floquet’s theorem, Nonlinear

system, Stability theory.



1.0 Initial Value Problem

Let R = (—o,00) and D c R? be an open, connected subset of R%. Let f € C'(D,R)

dx

and x = -

x = f(t,x) (1.1)

is an ordinary differential equation of the first order.

Definition
A solution of (1.1) on an open interval I = (a,b) is a real-valued continuously

differentiable function ¢ (t) such that

() (t,¢(t)) € D forall t €l and

(i) ¢ @) =f(t o) foralltel.

Suppose in addition to (1.1) we have a condition x(t) = ¢ i.e.
x = f(t,x)
x(t) =¢

then (1.2) is called an initial value problem. Thus, a function ¢ is a solution of (1.2) if ¢ is a

(1.2)

solution of (1.1) on I which contains 7 and ¢(7) = €.

(1.2) can be represented equivalently by an integral equation. Let ¢ be a solution of (1.2),

it follows that

¢’ () = f(t, @)
p(r) =¢

dp
2 =69

dé = f(t,p)dt



[ a6 = [ 1 enas
OIS WICYIONE

60 = 6@ + [ fs.p(sDds
Hence

¢(6) = £+ [, f (s, ¢())ds (1.3)
required integral equation.

Remark: (1.3)= (1.2). Find out.

1.2 Systems of first order ordinary differential equations
A system of n first-order ordinary differential equation for n unknown functions
x1(t), ..., x,, (¢t) is of the form
xq = fi(t,xq, ., X))
x5 = fo(t, %1, 0, Xp)

(1.4)

.x'n = f,(t, x4, o) X))
or equivalently,

x;=fit,xy, ., x,) (=12,..,n) (L5)
where each f; is a function of n + 1 variables t, x4, ..., x,,. The system (1.4) can be written in a

vector form

x = f(t,x) (1.6)



Where

R, =
Il Il
— —

R\-
B

and

f1(t %)
f2(t, %) |

ft,x) = i |

\f;l (t x)/

By a solution of (1.6), we mean a real-valued continuously differentiable function

(1, 3, ..., P,) defined on I such that (t, ¢, (t), P, (¢t), ..., ¢, (t)) €D c R**! forall t € I and

¢ =fi(t,p1 (), (®), ... () forall el i=12,..

The initial value problem associated with (1.6) is
x' = f(t,x)
x(t) =¢§

Remark: Equation (1.7) can be represented thus

¢(®) =&+ [ f(s,0(s))ds

(1.7)

(1.8)



where

[ A pesnas

[ A senas

[ R penas

Definition: If, in (1.6), f = f(x) is explicitly independent of t, then (1.6) is said to be
autonomous, otherwise it is said to be non-autonomous.

Any higher-order ordinary differential equation is reducible to an equivalent first-order
system (1.6). To illustrate the procedure consider the single nth- order ordinary differential
equation for the unknown function y(t):

y® = h(t,y,y, .. y" D) (1.9)
where h is a specified function of ¢t,y,y’, ..., y @1
Define
X| =V, Xy =Y e, Xy =y D (1.10)

and form the equivalent system

X1=X
Xy =1x3

(1.11)
X n-1 =Xy



Comparing (1.11) and (1.6) we have that

f(t,x)

X2

[ =

I .
= :
| .

bt/
h(t, X1,X2, ,Xn)

We conclude that any results obtained for the first-order system (1.6) have their

_—

counterparts for the nth- order equation (1.9). To complete the correspondence, we note that
corresponding to the initial condition in (1.7), the transformation (1.11) determines the
appropriate initial conditions for (1.9), which are

Y@ =y1,y (@) = y2, .,y V(@) =y, (1.12)

Then & in (1.7) is the vector with components y;, y,, ..., ¥,

1.3  Existence and uniqueness theorem for system of first order ordinary differential
equations
We shall be concerned with normal systems of ordinary differential equations of the form
% = f(t,x) (1.13)
where x: I[(c R) - R", f=IXR" — R"
and the dot denotes differentiation with respect to the independent variable t.
The initial value problem associated with (1.13) is
x=f(tx)
x(to) = xo (1.14)
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The initial value problem consists of finding a solution x(t, ty,x,) for givent, € R,x, € R"
which reduces to x, at t = t, that is

X(to, t, XO) = Xp-

Theorem 1.1

Let f:R*"*! — R" be defined and continuous in a certain domain D c R**! and
suppose that for any two points (t, x), (t,y) € D

If (&%) — fE&I < Lllx -yl (1.15)

where L > 0 is a constant (which may depend on D and on f).
Then for every point (t,, xg) € D there exists a solution x = ¢(t) of (1.14) that is defined in
some interval containing t, and which satisfies ¢(t,) = x,. Furthermore if there exists two
solutions x; = ¢(t) and x, = ¢(t) both satisfying (1.14) and each solution defined on some
interval containing t, then the two solutions coincide whenever both are defined.

(1.15) is called Lipschitz condition and L the Lipschitz constant.



2.0 LINEAR SYSTEMS
2.1  Uniqueness and Existence Theorems for a Linear System

In this chapter we study linear differential equations which are a very special but very
important class of differential equations. That is, we study systems of differential equations of
the form

x'y = a;(O)x; + -+ a, (Ox, + hy (0) (2.1.1)
X'y = ay (O)x1 + - + az, (Ox, + hy ()

xn =an1(t)x1 + + ann(t)xn+hn(t)
in which the right-hand sides of the equations are linear in x4, ..., x,,.
The study of such systems is very important for the following reasons:
() Equations of this form often arise in problems in physics and engineering;
(ii) From the view point of pure mathematics, the study is important because an elegant and
complete theory is obtained; and
(iii)As obtained in other parts of linear and nonlinear analysis, the theory for linear equations
is the basis for much study of non-linear equations.
The component form of (2.1.1) is

x = A(t)x + h(t) (2.1.2)

where A(t) is an n X n matrix function of t of the form

az1 (t) ...az, (t)

s (8 o G (6)

/a11 () ...ag, (2)



and h(t) is the vector function of ¢ of the form

hy(t)
h; (t)

h(t) = |

\h (t)/

Properties of matrix A(t) are very important in the study of solutions of (2.1.1). To this end, we
introduce some definitions used in the study of matrix A(t). Some of these definitions are found

in some basic linear algebra texts.

Definition: If A = (a;;) is a constant matrix, the norm of 4, denoted |A], is
n
Al =" lay|
ij=1
Let 4 and B be constant matrices, andx a constant vector, thus
|A+ B| < |A| + |B|
|AB| < |Al|B|

|Ax| < |Al]x|

Definition: Let A(t) = (a; (t)), then the derivative of A(t), sometimes denoted diit) is

a;; (t)the integral of A(t) over [a, b], sometimes denoted by f A(t)dtis (f a; (t)dt), and

the trace of A, sometimes denoted by tr A(t),is X7-; a;; (t).



Existence Theorem 2.1 for Linear Systems
If for i,j = 1,2, ...,m, each a;; (¢) is continuous for all real ¢t and if A (t) is continuous for all real
t, then if (¢, x,) is an arbitrary point in (t, x)-space, there is a unique solution x(t, ty, x,) of

(2.1.1) such that x(t, to, xo) = x, and solution x(t, ty, x,) has for its domain the real t-axis.

Remark: The theorem above shows that there is no extension problem for solutions of linear
equations. That is, if the elements of A(t) and h(t) are continuous for all ¢, then the solution has
for its domain the entire t-axis.

Instead of proving this theorem directly, we prove a somewhat more general theorem

which is used less frequently but is of sufficient interest to be presented for its own sake.

Existence Theorem 2.2 for Linear Systems
Suppose A(t) and h(t) are Riemann integrable functions of t on (a, b), i.e. the Riemann
integrals over any interval [c, d] contained in (a, b) of the elements of A(t) and h(t) exist, and
suppose there exists a function k(t) with domain (a, b) such that
(1) k(t) is continuous and bounded on (a, b)
(2) if t € (a,b), then |A(t)] < k(t) and |h(t)| < k(t).
Let ¢ty € (a,b) and suppose x, is a fixed vector. Then equation (1.1) has a unique

solution x(t) on (a, b) such that x(t,) = x, in the following sense: if t € (a, b), then

x(t) = xp + ftto A(s)x(s)ds + fti) h(s)ds (2.1.3)
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Proof

Fort € (a,b), we define

xo(t) = x

Xpi1(t) = x0 + ftto A(s)x, (s)ds + fti) h(s)ds (n=0,12,..)

If x,(t) is continuous on (a, b), then A(s)x, (s) is integrable over any interval [c,d]
contained in (a, b) and hence x,,1(t) is defined and continuous on (a, b). To show that the

x,, (t) converge uniformly, we proceed as follows. First if t € (a, b),

171 (6) — 2o ()] < j (A |x ()| +IR(s) ds

<1+ |x0|)f k(s)ds

Let ftto k(s)ds and assume that for t € (a, b)

k n
|xn(t) - xn—l(t)l < (1 + |x0|) ( S,;))
Then
a0 = %, (01 = [ 1A()5,(5) = A, 1Bl
t k n
<1+ IxOI)J; k(s)( (:')) ds
Since

£ K(t) = k() and K (to) = 0, then

(k@)

|25 41(8) — 2, (O] < (1 + |x0]) (n+ 1)!
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Thus, the sequence {x,(t)} converges uniformly on any closed interval [c,d] in (a,b) to a
continuous function x(t). To complete the proof of the existence of the solution, it is sufficient to

show that

il_r)lolo th(s)xn (s)ds = ftA(s)x(s)ds

0

Since x(t) is continuous, ftto A(s)x(s)ds exists and

j A (s) — x(5)]ds

< ftIA(s)len(s) —x(s)|ds <eM

Where M is a bound for k(t) on (a, b).

The proof that x(t) is a unique solution in any closed interval [c,d] in (a, b) is given
below.

Suppose there exists solutions x(t) and y(t) of (2.1.3) on an interval (t, — 7, ty + 1),
where r is a positive number, such that x(t,) = y(t,) = x,. By induction, we obtain an estimate
on |x(t) —y(t)| for t € [ty, to + r — &] where 0 < § < r. A similar estimate can be obtained
for t € [ty —r + §,t,]. Since x(t),y(t) are continuous on [ty,t, +r — &] for fixed &§ there

exists B > 0 such that, if t € [ty,ty + r — &, then [x(t) — y(t)| < B.But

(D) — y(D)] < — f IA()x(s) — A()y(s)|ds

<k fj 1(s) = y(s)lds (2.1.4)
Therefore
lx(t) — y()| < kB(t — to)

Assume that |x(t) —y(t)] < %B(t — ty)™, for m a positive integer. Then by (2.1.4),

m+1
i B(t — ty)™*1, which is the (m + 2)th term in the (convergent) series for

Ix(®) -yl <

- (m4+1)!
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Bek(t=to) Therefore |x(t) — y(t)| < & hence x(t) = y(t) for t € [ty, ty + 7 — &]. Since & is
arbitrarily small, x(t) = y(¢t) for t € (ty, to + 7).

The proof of Existence Theorem 2.1 for Linear Systems is obtained from Existence
Theorem 2.2 for Linear Systems thus. If the elements of A(t) and h(t) are continuous then since
the solution x(t) is continuous, equation (2.1.3) may be differentiated with respect to ¢ and we

obtain:
=0 = AWx(®) + h(®).
2.2 Homogenous Linear Systems

First-order system of differential equations of the form

X’1 = a1 (t)x1 + -+ A1pn (t)xn (221)
X'y = ay (t)xg + -+ az,, (O,

R
in which the right hand sides of the equations are linear in x, ..., x,,, is called homogenous. In
compact form, this is written as
x =A()x (2.2.2)
where A(t) is an n x n matrix function of ¢, continuous for t € [a, b].
Equivalently, first-order system (2.1.2) is said to be homogenous whenever h(t) is
identically zero.
The homogenous system (2.2.2) has two important properties:
(i) The identically zero function, x(t) = 0 for all t € [a, b] is a solution of (2.2.2), and is

the unique solution such that x(t,) = 0 for any t € [a, b];
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(i) If x;(t) and x,(t) are solutions of (2.2.2), then so is the linear combination of x;(t)

and x, (t) i.e. x(t) = a;x,(t) + a,x,(t) for any two scalar constants a; and a,.

Thus, the set of all solutions of (2.2.2) (equivalently (2.2.1)) on an interval [a, b] form a
vector space. The following definitions will assist us determine the dimension of this space.
Definition: A set of n functions x;(t), ..., x,, (t) are linearly dependent on [a, b] if there exist
scalar constants ag, ..., a,,, not all zero, such that

Xia;x; =0 (fort € [a, b]).
Otherwise they are linearly dependent.

For example, with n = 2 the vectors

()-()

are linearly independent vector functions of ¢ for t in any interval [a, b], but at t = 1 both reduce
to
1
(1)

and, hence are linearly dependent 2-vectors for this particular value of t.

Theorem 2.3
The set of an all solutions of (2.2.2) on an interval [a, b] form an n-dimensional vector space.
Proof

It was earlier shown that the set of all solutions form a vector space. Next we show that
there exist n linearly independent solutions. Let dy, ..., d, be n linearly independent n-vectors

and, using theorem 2.1, let x, (t) be the unique solution of (2.2.2) such that
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x,(ty) = d, (r=1,2,..,n),
where t, € I. Then x,(t), ..., x,(t) are linearly independent on [a, b]. For suppose that the
contrary holds and there exist constants aq, ..., a,, such that
a;x;(t) + -+ a,x,(t) =0 (forallt € [a, b]).
Then, putting t = t,, it follows that
ad; +-+a,d, =0
But, since d, ..., d,, are linearly independent n-vectors, it follows that a; =0, ..., a, = 0. This
establishes that the dimension of the vector space is at least n.
To show that the dimension is exactly n, we next demonstrate that any solution x(t) of
(2.2.2) can be written as a linear combination of x; (t), ..., x,, (¢).
Indeed, given x(t), let x, = x(ty), where t, € [a, b]. Then, since dy, ..., d,, are linearly
independent n —vectors, there exists a unique set of constants ay, ..., a,, such that
X =a1dy + -+ a,d,.
Now consider
ax1 () + -+ + apx, (£)
By construction, this is a solution of (2.2.2) and satisfies the initial condition x(t,) = x,. But
theorem 2.1 states that there is a unique solution to the initial-value problem and, hence, it must
be identically equal to x(t). We have show that
x(6) = a1 (€) + -+ + apx, ()
for all t € [a,b]. Consequently, theorem 2.1 allows us to transfer linear independence of the
initial conditions at ¢, to the solution for all ¢, € [a, b].
Theorem 2.3 shows that the general solution of (2.2.2) is

x(t) = a;x1(t) + -+ + a,x, (t) (2.2.3)
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where x;(t),....,x, (t) are n linearly independent solutions and ay,...,a, are n arbitrary

constants.

Definition:  Let x;(¢t), ...., x,, (t) be n solutions of (2.2.2) on an interval [a, b], and put

X(t) = (x1(t), ..., x,(t) (2.2.4)
where X(t) is an n X n matrix solution of

X =A4x (2.2.5)
X is called a fundamental matrix if x,(t),...., x,(t) are linearly independent. If, in addition,
X(ty) = E, the unit matrix, then X(t) is the principal fundamental matrix. Further

W(t) = detX(t) (2.2.6)
is called the Wronskian.

The property (2.2.5) is immediate from the definition (2.2.4) and (2.2.2). Further, if X(t)
is a fundamental matrix solution of (2.2.5), then so is X (t)C for any non-singular constant matrix
C.

Indeed, let

Y(t) =X(@)C
Then Y (t) is non-singular, and
Y =X C=AXC=AY
Note that the column of Y are linear combinations of the columns of X. Also the general solution
(2.2.3) can be written in the form
x(t) = X(t)c

where c is an arbitrary n-vector, with components cy, ..., ¢,
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2.3

Solution of Autonomous System s with Constant Coefficients

To find the general solution of the system of differential equations

1

X =Mx (2.3.1)

where X’ =Z—f,M = (Ccl b) and X = (;)

d

assume a solution of the form

X(t) = (1‘3‘) ert (2.3.2)

Substitute (2.3.2) into (2.3.1) and rearrange the result to obtain

(77 L2DE=0) (2.3

Solve the characteristic equation

|azr dlir|=0

for r, obtaining the roots (eigenvalues) r; and ;.

Next, we search for a fundamental matrix for this system of equations. This depends on the

nature of the eigenvalues: whether they are distinct — either real or complex — or repeated.

(i)

(i)

For real, distinct eigenvalues r; and r,, substitute one of the eigenvalues — say, ;-
into (2.3.3) and solve the resulting algebraic equations for the associated eigenvector.
Repeat this process for the other eigenvalue r,. The columns in a fundamental matrix
are formed by these eigenvectors times e, for the appropriate value of .

For a repeated eigenvalue r, substitute

_ (x(@®)\ _ Al) rt (A2> rt
X)) = (y(t)> = (Bl e’ + B, te (2.3.4)
into (2.3.3) and solve the resulting algebraic equations for A;, By, A, and B,. The

result of this operation will contain two arbitrary constants. The columns of a
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(iif)

fundamental matrix in this case are composed of the vector functions that multiply the
two arbitrary constants.

For complex eigenvalues r; and 5, substitute one of them — say, r; = a + iff — into
(2.3.3) and solve the resulting algebraic equations. This gives a complex eigenvector,
which when multiplied by e(@+#)¢ will result in a complex valued solution. Form a
fundamental matrix by having its columns as the real and imaginary parts of this

solution.

For each of these cases mentioned above, the general solution of the system of differential

equations is

X(t) =UC,

. : : . c
Where U is a fundamental matrix and C is a vector of arbitrary constants, C = ( C;)

If in addition to (2.3.1) is the initial value x(0) = x,,y(0) = y, - evaluate the arbitrary

constants by solving the system

U(0)C = (;3)

for ¢; and c,.

Example: Solve the system of equations

x =2x+5y

y =x+6y

Solution: We can rewrite the system of equations above in matrix form

() =C 96 235)

It follows that in this case

X = (i),andM = (i Z)
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We assume a nontrivial solution

X(t) = (i) - (‘B‘) ert (2.3.6)

where A, B are arbitrary constants. The derivative of X (t) with respect to ¢, that is,

xO=&_1 (;1) et = (Zg) ert (2.3.7)

If we substitute (2.3.6) and (2.3.7) into (2.3.5), we obtain

(e -G D

Because the common factor e is never zero, we may divide by it and rearrange the preceding
equation to obtain
G OE-0a-C1" 62)E=0)

This system of algebraic equations will have a nontrivial solution only if the determinant of the
coefficients is zero, so

|2 I ' 6 E r| =0
This gives the quadratic equation

2-7r)6-1r)—5=1r2-8r+7=0

Or

r—Dr-7)=0
The values r = 1 and r = 7 are the only values of r that give nontrivial solutions of the system

of equations in (2.3.8). If we substitute » = 1 in (2.3.8) we obtain
1 5\/A4\ _ (0
(1 5) (B) N (o)

So our only condition is that B = — %A.
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This gives the vector

(1)

where A is an arbitrary constant, and the solution

(LaJeea(cd)er-ah
1 et=A< 1)et=A< 1 t)
54 5 T5°

If we use r = 7 in (2.3.8) we obtain
-5 5\/4\_ (0
( 1 —1) (B) - (o)'
So our only condition is that B = A. This gives the vector
A
()

Where A is an arbitrary constant, and the solution

(W =a()e =a()

In these two solutions we have two different arbitrary constants, each denoted by the symbol A.
If we designate these arbitrary constants C; and C,, we can express our explicit solution of
(2.3.5) as

1

G&)=a (1))

5
Using the fact that

A\, o (Br)_ (4 Bi) (G
aa) e (6)= (s 5)()

we may also write this solution in matrix form as

t 7t
(0= ) (@)

Or



where
0= (0)v=( Lo 5)me-(@)

Remark
1. The two solutions of the characteristic equation, in this case » = 1 and r = 7 are called
eigenvalues. The two vectors of constants associated with these eigenvalues, in this case

A (_13> and A G)

5

are called eigenvectors.

The example we just treated has real distinct eigenvalues.

Example: Real, Repeated Eigenvalue

Consider the system of differential equations

6= 2)6) 239

where we seek a solution of the form

1= ()= (e

Substituting this expression into (2.3.9) yields

Ga)er =5 ) (B)e

and the associated set of algebraic equations

( 2_—1r _49_ r) (g) _ (g) (2.3.10)

From the determinant of the preceding 2 x 2 matrix we can obtain the characteristic equation as
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Q-1)(-4-71)+9=r*’+2r+1=(0r+1%?=0
giving the repeated eigenvalue of r = 1.
To find the eigenvector associated with the eigenvalue r = —1, we substitute r = —1
into (2.3.10) and obtain
3 9)\(A4\_ (0
(—1 —3) (B) - (o)

This requires that A = —3B, so we have the eigenvector

-3B

>y

Thus, one solution of (2.3.9) is

—3B\ _,
( B )e
The other solution is given by
_3B —t
(T4 )ee
Then the explicit solution of (2.3.9) is taken as
_ X(t) _ —3A1> —t (—3142) —t
X() = (y(t)> = ( B, )¢ + B, te (2.3.11)

Substituting this expression into (2.3.9) gives

34, — 345\ _, (3A2> _t_<—6A1+9B1> . (—6A2+9Bz) B
(Bz—Bl>e t\-B,)% =\ 34,-4B, )¢ T\ 34,-48,)%

Equating coefficients of e~ and te~* gives the system of algebraic equations
34, — 34, = —6A; + 9B,
B, — B; = 34, — 4B,
34, = —64, + 9B,

—B2 = 3A2 - 432
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This system of equations has the solution

1
Al = Bl +§Bz

where B; and B, may be chosen arbitrarily, so we denote them by C; and C,. This means that the

solution (2.3.11) may be written in the form

0= ()= (% e (e

Or

X = (x(t)) _ (—3e-t ~(1+ 3t)e-t> (2)

y(t) et te~t

Here a fundamental matrix is

-t —t
U= (e (1+ 3¢t)e )
te ™t

Example: Complex Eigenvalues

Consider the system of differential equations

£0)-C )6) 0312

In a manner similar to the previous example we seek a solution of the form

0= ()= ()

and determine the characteristic equation from the determinant of the 2 x 2 matrix in the

equation

172G =0) (2313

as

QR-rNQR-r+1=r’—4r+5=0
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The eigenvalues are r = 2 + 1.
If we substitute r = 2 + i into (2.3.13) we obtain
—i -1\ A\ _ (0
( 1 —i) (B) - (o)
so A and B must be related by A = Bi. This gives an eigenvector as
[
B(;)
and a solution of (2.3.12) as

B (;) e+t — (i) o2t pit

_p(b) 2t :
—B(l)e e'*(cost +isint)

If we decompose this vector into its real and imaginary parts we obtain

p(§)e0 =5 (S in) +n (50 2019

as our solution. However, because our original differential equation (2.3.12) has only real
coefficients and our solution contains both a real part and an imaginary part, each of these parts,
namely,
2t o 2t
—e“ sint e“* cost
and
(eZt cost) (eZt sin t)
must separately satisfy (2.3.12). Thus, our fundamental matrix is

U= (_ez

tsint e2'cost
o2t

cost e?tsint

Hence, our solution is

X(t) = (i(ﬂ) _ (—2” sint ezzt cos t) (g;)

e’tcost e*tsint
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3.0  Sturm Theory
3.1  Self-Adjoint Equations of the Second Order

In this section we shall consider some basic properties of some second-order self-adjoint
ordinary differential equations. We begin by introducing the adjoint of a second-order

homogenous linear differential equation.

Definition 3.1
Consider the second-order homogenous differential equation
PO+ @2+ ri)y = 0 (3.1)
where p is twice continuously differentiable, g is once continuously differentiable, r is

continuous, and p(x) # 0 on I = [a, b]. The adjoint equation to (3.1) is

2 d
o2 (p(x)y) — I (@x)y) +r(x)y =0,

that is, after taking the indicated derivatives,
2 ! " !
p(0) T+ 20 () — )]+ [p" () — q' @) +r(@)]y = 0 (3.2)

where the primes denote differentiation with respect to t.

Example 3.1. Consider

d? d
2—y+3x—y+3y=0

X dx? dx

Here p(x) = x2,q(x) = 3x and r(x) = 3. By (3.2), the adjoint equation to this equation is

d?y dy
2 4 — 34 =
Xt + [4x — 3x] P +[2-34+3]y=0

Or simply
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d?y dy
227 ot _
X dx2+xdx+2y_0'

Remark: The adjoint equation of (3.1) is always the original equation (3.1) itself.
We can now consider the special case in which the adjoint equation (3.2) of (3.1) is also

(3.1) itself.

Definition 3.2
The second-order homogenous linear differential equation

d’y dy
p(x)m + Q(X)E +r(x)y=0

is called self adjoint if it is identical with its adjoint equation (3.2).

Theorem 3.1

Consider the second-order linear differential equation (3.1). It is called self adjoint if

d
a(p(x)) = q(x) ona<t<bh.

Corollary 3.1

Let (3.1) be self adjoint, then

d d
Tx [p(x) %] +7r(x)y =0.

Example 3.2. Consider the linear differential equation

d? d
PR P o

dx? dx+y:0'
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The equation is self adjoint since p(x) = x3, q(x) = 3x? and r(x) = 1. Thus this equation is
written as

d dy
(320 —
dx(x dx)+y 0

Theorem 3.2

Given the linear differential equation

d*y dy
p(X)W + q(X)E +r(x)y =0,

where p, g and r are continuous, p(x) # 0 on I, then the equation can be transformed into the

equivalent self-adjoint form

d d
[P 2| +ewiy =0,

G) 269
where P(x) = ep®@™, Q(x) = %efﬂx)dx

q(x)
by multiplication throughout by the factor $e peo™,

Example 3.3
Consider the equation

d’y = dy
ﬁi‘Xa‘Fy—O.

x2

Here p(x) = x%,q(x) = x,7(x) = 1. Since p (x) = 2x # 1 = q (x), the equation above is not

self-adjoint. The factor for this equation is
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Multiplying the equation by %on an interval I = [a, b] which does not include x = 0, we obtain

d’y dy 1
Yt TR
. d
Since —(x) =1,

dx

this equation is self-adjoint and may be written in the form

d dy +1 .
dx(xdx) xy_ '

3.2  Some Basic Results of Sturm Theory

Consider the self-adjoint second-order equation in the form
d d
L1PGZ] + )y =0 (3.3)

where P has continuous derivative, Q is continuous and P(x) > 0 onI = [a, b].

Theorem 3.3
Let ¢ € C (1) be a solution of
d dy
P [P(x)a] +Q(x)y=0
and that ¢ has an infinite number of zeros on [a, b], then ¢p(x) = 0 for all x € [a, b].

Theorem 3.4 (Abel’s Formula)

Let ¢ and 6 be any two solutions of
d dy
—[P@ |+ ey =0
onl, then forall x € I,
P)[p(x) 8'(x) — ' (x) 0(x) =k
where k is a constant.
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Theorem 3.5

Let ¢ and 6 be two solutions of

d d
[P 2] +ecay =0

such that ¢ and 8 have common zero on I, then ¢ and 6 are linearly dependent on I. If in

addition ¢(xy) = 0, where x, is such that a < x;, < b, then 6(x,) = 0.

Example

The equation ZZTZ + y = 0 is of the type (3.3), where P(x) = Q(x) = 1 on I. The linearly

dependent solutions A; sinx and A, sinx have the common zeros x = nmr (n = 0,1,2, ...) and

no other zeros.

3.3  The Separation and Comparison Theorems

Theorem 3.5: Let ¢p and 8 be real linearly independent solutions of
d dy
P [P(x)a] +Q(x)y=0

on I. Between any two consecutive zeros of ¢ there is precisely one zero of 6.

Example

Consider the self-adjoint equation

The functions ¢(x) = sinx and 6(x) = cosx are linearly independent solutions of the self-

adjoint equation. Between any two consecutive zeros of one of these two linearly independent

solutions there is indeed precisely one zero of the other solution.
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Theorem 3.6 (Sturm’s Fundamental Comparison Theorem)

Let ¢4, ¢, be real solutions of
d dy
Ix [P(X)a] +Q:(x)y=0
and
d dy
ﬁ[P(X)a] +Q(x)y=0
respectively on I. Let P have a continuous derivative and be such that P(x) > 0, and let Q, and
Q, be continuous and such that Q,(x) > Q;(x). Then if x; and x, are successive zeros of
¢,0n I, then ¢, has at least one zero at some point of the open interval x; <x<x, .

Example

Consider the equations

d?y

w + Azy =0
and

d?y

w + azy =0

where A and a are constants such that 0 < A < a. The functions ¢;and ¢, defined respectively
by ¢; =sinAx and ¢,(x) = sinax are real solutions of these respective equations.
Consecutive zeros of sin Ax are

nmw (n+ D
— —_— =0,%+1,%£2,...).
7 an p) (n + )
By theorem 3.6, we are assured that sin ax has at least one zero u,, such that

nm n+n
7 <,Lln <% (TL = O,il,iZ, )

Specifically, t = 0 is a zero of both sin Ax and sin ax. The ‘next’ zero of sin Ax is % while the

‘next’ zero of sin ax is g; Clearlyg < %
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4.0  Stability
4.1  Preliminary Definitions
Consider the first-order system
x = f(t,x) (4.1)
where f(t, x) is defined and continuous for all t > t;, and x, and satisfies a Lipschitz condition
in x in any bounded domain. We assume that solution of (4.1) given by x = x(t: ty, x,), exists
and it is unique.

In this section we seek the stability of solutions of (4.1).

Stability is concerned with the question as to whether solutions which are in some sense
close to x(t) at some instant will remain close for all subsequent times. Unstable solutions are
thus extremely difficult to realize either experimentally or numerically, as an arbitrary small
disturbance will eventually large deviation from the unstable solution. As an example, in
applications such as automatic control theory, an important question is whether small changes in
the initial conditions (input) lead to small changes (stability) or to large changes (instability) in
the solution (output).

To study the stability of x(t), consider the neighboring solution y = y(t: t,, y,), where

y = f(ty),y(t) = yo.
We are concerned here with the difference
y(©) — x(6) = u(t) (4.2)
u = y' —x
=fty) - f(t,x)
= f(t,x(@) +w) — £ (&, x(D))
Ifwe let F(t,u) = f(t,x(t) +u) — f(¢t, x(t)), we have that

U =F(tu) (4.3)
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Here F(t,0) = 0 for all t > t,, and so the function U = 0 for all t > t, is a solution of (4.3).
Consequently, the stability of x(t) as a solution of (4.1) is reduced to the stability of the zero
solution of (4.3).

Definition 1: The solution u = 0 of (4.3) is said to be stable, if for all € > 0 and t; > t,, there

exists a § (¢, t), such that |u(t;)| < & implies that |z(t)| < e forall t > t;.

Definition 2: The solution u = 0 of (4.3) is said to be uniformly stable, if stable and § = §(¢) is

independent of t;.

Definition 3: The solution u = 0 of (4.3) is said to be asymptotically stable, if stable and

|z(t;)| < & implies that |z(t)] — 0 as t — oo.

Remark:
Q) Definition 1 is also sometimes called Liapunor stability.

(i)  z = 0issaid to be unstable if Definition 1 does not hold.

Example 1
Consider z' + z = 0,
Where z = zge~(¢~t) js the solution. Obviously the zero solution is uniformly and
asymptotically stable.
Example 2
Consider z' — z = 0 with solution z = z,e %), Here the zero solution is unstable since

|z| — w0 ast — oo forall z # 0.
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Various methods exist for discussing the stability of linear or nonlinear system. In this

section we shall treat one of the methods known as the Lyapunov second (direct) method.

Lyapunov’s Direct Method

This method seeks a scalar function of u, which can be regarded as a measure of the
‘energy’ of the system (4.3), and then seeks to demonstrate that either this ‘energy’ decreases as
t — oo, indicating stability, or it increases, indicating instability.

For simplicity, consider and autonomous system

U =F) (4.4)

where F(u) is defined and continuous for all u, satisfies a Lipschitz condition in u in any
bounded domain and is such that F(0) = 0. Let V(u) be a scalar function of u, defined and

continuous, with —continuous partial derivatives for |u| < ¢ (¢ > 0), and such that v(0) = 0.

Definition 4: V(u) is positive definite for |u| < cif V > 0forallu # 0, |u| < c.

Definition 5: V(u) is negative definite for |[u| < cifV <0 forallu # 0, [u| < c.

Definition 6: V(u) is positive semi-definite for |u| < k if V > 0 for all u, |u| > k.

Definition 7: V(u) is negative semi-definite for |u| < k if V < 0 for all u, [u| > k.

Example 3: The function

V=u?+us+ué

is positive definite.
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Example 4: The function
V = (u; +uy +uz)?

is positive semi-definite.

Example 5: The function
V=—u?—uj—u}

IS negative definite.

Let u(t) be a solution of (4.4) and consider the function V(t) = V(u(t)), thus the derivative of

IV along the trajectory u(t) is

V' = %V(u(t)) = (VT = (W)TF)

where VV = ;—V (i=12,..,n)

uj

Theorem 1
Q) Let V(u) be positive definite and V' be negative semi-definite for |z| < k. Then the
zero solution of (4.4) is uniformly stable.
(i) Let V(2) be positive definite and V' be negative definite for |z| < k. Then the zero

solution of (4.4) is uniformly and asymptotically stable.
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