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COURSE TITLE:Algebra
TOPIC:COMPLEX ANALYSIS

Complex Numbers
In order to solve equations such as
2’ +1=0

or

22 4+20+8=0

which have no root within the system of real numbers,the number system
was extended further to the larger system of complex numbers.

By definition, a complex number is any number x that can be expressed in
the form o = a + b where a and b are real and 2 = —1.The symbol C is used
to denote the system of complex numbers. a is referred to as the real part
and b the imaginary part of a + ib. Note that the complex numbers include
all real numbers. The real numbers can be regarded as complex numbers for
which b is zero.

In C, the solution of the equation

2+1=0



is then x = £y/—1liexz =+
Algebra of complex Numbers

Let x = a + ib and y = ¢ + id be two complex numbers:

Equality of complex numbers: = and y are equal if their real and imagi-
nary parts are equal i.e a = cand b =d

Addition and subtraction of two complex numbers:

The sum of z and y is defined as a complex number z = z+y = a+ib+c+id =
a+c+i(b+d)

Also,

w=zr—y=a+ib—(c+id)=a—c+ib—d)

Multiplication:

X y=(a+1ib) x (c+id) = ac+ i*bd + ibc + iad

= ac — db +i(bc + ad)

Division:

x _ a+t+ib __ (a+zb)(c—zd)

y ctid — ctid)(c—id)

(ac+ bd) + (bc — ad)i
2+ d?

ac+bd bc—ad.
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Conjugate complex number:
T = a — 1b is called the conjugate of z.

we have



r+7T=2a
T —T=2b

2T = a’ + b?

Example: Express in the form a + b

244+ (5—2i) =T+2i

(1—8i)— (7T42i) = (1—7)+ (-8 — 2)i = —6 — 10i

2431 __ 2434 3—21
3. 342~ 342 X

3°2
646 94,
944 944
12 . 5 .
13" 13"
N 3 1 3.
4. (1+3i)~" = 14&31' = 1i3i X 1—31' =10 10¢
5(144) 5450\ 5450\ 4
b ()’ = (53 (530) =3 — 4
243i | 2 _ 2i—342(4i+5)
6. i(4—5i =T
_ 22 _ 75,
S R
Note:
it=ixid=—i



and so on.
Example:

Find the solutions of the equation 422 + 5z + 2 = 0 in the form a + 3.

Solution:
_ —5£V/=T7
="
5
o3
8 8
or
5 VT
_ ’1/7
8 8
Example:

Factorize a? + 3b* as a product of two complex numbers.
Solution:

a? + 30? = a® + (bV/3)?

= (a +ibv/3)(a — iby/3)

The Argand Diagram

A complex number of the form z = x+1y is specified by the two real numbers
x and y.The complex number z may then be made to correspond to a point

P with ordered pair of values (z,y) as the co-ordinates of the point P on the
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plane.

r is known as modulus of the complex number z and is written as |z| or modz
r=lz] = v +iyl = Va?+y?

2z = (v +iy)(z —iy) = 2% +y* = |2

The diagram which represents complex numbers is known as Argand diagram
or Argand plane or complex plane.

The angle o between the line OP from the origin to the number and the

x-axis is called the argument or amplitudes of the number z.

From the diagram,

T = Trcosa,y = rsinq
Y
2 2, = = tan«a

x

o =argz = tan™?
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Since on the circle, a 4+ 2II for any integer n,represent the same angle, it
follows that the argument of a complex number is not unique such that
—II < Arg(z) <IL

The complex number z can therefore be written as z = x + iy = rcosa +
irsina = r(cosa + isina), —II < a < II.

which is called the modulus-argument form or polar form or trigom=nometric
form of the complex number z.

Let z1 = ri(cosby + isinfy) and Zy = re(costy + isinfy) be two complex

numbers. Then,



2129 = 1112(c0sby + isinby)(cosby + isinby)

= ri1ro[(coshicosbhy — sinbysinby) + i(sinhicoshy + coshsinbs)]
= r119[cos(0y + o) + isin(0) + 0s)] (%)

Therefore
|2122] = 11ry = |21 22
and
arg(z122) = 0102 = argz; + argzy
Thus when complex numbers are multiplied,their moduli are multiplied and
their arguments are added.Also,

21 r1(coshy + isinby

2 1a(coshy + isinds)

%[005(91 — 03) + isin(6y — 65)]
2

Aon

Z9 T2 ’22’

z
arg(z—;) =01 — 0y =argz — argzy

Example: Find the moduli and the arguments of the following complex

numbers.
1. 71— 2
Solution:



7i — 2| = /72 +22 = /53 =7.28
arg(Ti — 2) = tan~'(5) = 105.9°

2. (7i —2)(3 + 4i)

Solution:

(7i — 2)(3 + 4i)| = |13i — 34]

= /342 + 132 = /1325 = 36.40
arg((7i — 2)(3 + 4i) = arg(13i — 34) = tan™*(F2) = 159.1°

7i—2
3. 3441

Answer: 1.456,52.8°

4 (57

Answer: 2,12,105.6°

Example: Describe the locus of a complex number z which satisfies |z —2| =
3|z + 2i.

Solution:

Put z = +4y. Then

|z — 22 = 9]z + 2i|?

(@ = 2) + iy = 9 +i(y + 2P

(z = 2)% +y> =9[2* + (y + 2)*]

8x? + 8y? +4x + 36y +32=0

Py ety +4=0



2
(z+ )+ + D=4+ @)+ () =1

Locus is a circle,with center (—%, —2) and radius 21/2

De Moivre’s Theorem

In general, if there are n complex numbers 21, 2o, ..., 2, with moduli ry, 79, ...7,,
and arguments 61,05, ..., 0, respectively, repeated application of equation (*)

yields
21.29..2p = T1...Tp[cos(01 + O + ...+ 0,,) +isin(6y + 0y + ... + 6,)]

In particular if

N=2y=.=2z,=2 (say)
r=Te=..=T, =71 (say)
and
0, =0,=..=0,=0 (say)
then we have
2" = r"(cosnb + isinnd)

le
2" = [r(cosb + isind)|"
= r"(cosnf + isinnf)

2" = [2[", arg(2") = narg(2)



In particular,if r = 1 we get Demoivre’s theorem
(cosO + isinf)"™ = cosnb + isinf

for any positive integer n.
This result is also valid when n is any negative integer.Suppose n is a negative

integer, say —m where m is a positive integer.Then

(cosd - isind) " = (" =
cost + isin ~ Vcosf +isin®’ (cosb + isind)™

(cosm@ + isinmf) ™' = cosmf) — isinmb
= cos(—m)0 + isin(—m)0

which shows that Demoivre’s theorem is valid when n is any negative integer.
Example: Express cos36 and sin3f in terms of powers of cosf and sind
respectively.

Solution:

By Demoivre’s theorem we have
c0s30 + isin30 = (cos + isinf)?

= 050 + 3cos®0(isind) + 3cosf(isind)? + (isind)®
= 05’0 — 3sin*0cost + i(3cos*0sind — sin*0)

The real part of this expression then gives

c0830 = c0s>6 — 3coslsin’6



But

sin’0 = 1 — cos’#

Therefore

c0s30 = cos*) — 3cos0(1 — cos?0)
= c0s°0 — 3cosh + 3cos>0
4c0s30 — 3cost

and the imaginary part gives
sin30 = 3c0s620sinf — sin6

= 3sinf(1 — sin*0) — sin’0
= 3sinf — 3sin®0 — sin’6
= 3sinf — 4sin>0

Example: Show that if z = cosf + isinf and m is a positive integer then
2™+ zim = 2cosmb
Solution:

z = cost + isinf

2™ = (cosf + isind)™ = cosmb + isinm@  (Demoivre’ stheorem)

2~ ™ = cosmb — isinmb

2™ 4 27" = 2cosmb
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Example:

1 1 1 1 1 1
(z4+2)P° =22 +52. = +102°. = +1022. = +52.— + —
z z 22 z3 FAR A

10 5 1
:z5+5z3+102—|——+—3—|——5
z oz z

1 5 1 1
:(z+;)+5(2 +;)+10(2+;)

= 2c08560 4+ 2 X 5c0s30 + 2 x 10cosb

= 2c0s50 4 10c0s360 + 20cosl

Example: Evaluate z® where z = 1 4 iv3
Solution:

Writing z in the modulus-argument form we have r = |z| = V4 = 2 and

argz = tan~'/3 = %

That is
Acosts + isin)
z = 2(cos— + isin—
3 3
Therefore
IT IT
8 — 98 (o5 4 isin—)
2 (cos 3 + zsmg)

By De Moivre’s Theorem this becomes

811
2= 28(005? + zszn?)

= 256(—0.5 + 0.8664)

= —128 4-221.703¢
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Example: Factorize into linear factors 422 + 4(1 + 1)z + 1 + 2i

Solution:

1
422 441+ i)z +1+2i =4(2 + (1 +4)z + Z(1+2¢))

First solve

1
22+(1+i)z+1(1+2i)20

1
a=1b=1+ic=(1+2i)

—1 =ik /(L+0)2 — (1+20)
2

1t/ 1
- = S(-1, i)

z =

or

1 1
— 422+(4(1+i)z+1+2i:4(z+§)(z+§+i)

Roots of Complex Numbers

Let 2" = a, n a positive integer and o a complex number (**)
Theorem: (Fundamental theorem of algebra)
Every polynomial of degree at least one with arbitrary numerical coefficients

has at least one root which in the general sense is complex.
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Consider (**), we have

2" = o = r(cosb + isinh)

so that

z =r1,(cosl, + isinb,)  provided — « #0
Then by De Moivre’s theorem
ri(cosnb, + isinnb,) = r(cosh + isind)

That is

z = a,r" =r,nb, =0+ 2kII

has n values for k =

Thus 7, is the positive nth root of r and 6, = =201

0,1,...,n — 1 all distinct,since increasing k by unity implies increasing the
argument by %

The n distinct solutions of (**) are given by

0 + 2kI1 0 + 2kI1
(O{)% :Z:T%(COSL—FZ.SYZHL) k:Oa17"'7n_1 (***)
n n

3=

which are n distinct values of («)
Roots of Unity

A particular example of (**) is when o = 1, that is if 2" = 1,n is a positive

integer. The roots of the equation are called nth roots of unity.Since
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1 = cos0 + isin0
then by (***),the nth roots of unity are given by

1 211 2kI11
n = (cos— +isin—),k=0,1,....,n —1
n n

Taking k£ = 1,the root of unity being a complex number and denoted by w

is given by
211 211
W = cOS— + 181n——
n n

Example: Find all the cube roots of —8

Solution:

VvV—8= \3/8(0031_[ + isinll)

. IT + 2KII IT + 2KI1
= \d/g(cos—i_i + isz’n+3

Therefore for

II II
k=02 = 2(cos§ - zsmg) =1+iV3

k =1,z = 2(cosll + isinll) = —2

oIl oIl
k=2 2= 2(003? + zsm?) =1—iV3

Example: Solve z* 4 43 = 4i

Solution:

A a3 =4i — A =4i—4V3

oIl )
— = 8(003? + zsm%)
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Hence using De Moivre’s theorem

511 511
22 1+ 2KI1 22 4+ 2k
2 = 8 {eos S L igin s T 012,38
The four roots are
HII 511
k=0:2 = 831(003% + zsmﬂ)
1711 1711
k=1:2 = 8%(008724 + isin—24
1 2011 . 2911
k=2:2 = 8411(005‘—24 —|—zsm—24 ) =Z%o
1 4111 .. 4101
k=3:23= 84(003724 + 23271—24 =7
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