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, Question 1 ,,", '.'"
(a) Let 0([0,1]) denote the space of contircuous real valu;~dl1nctions on the int~rval
[0, 1] ~ JR.
Show that C([O, 1]) is a normed space when equipped with the sup norm:

1111100 = sup If(x)l, 'Vf E C([O, 1]).
xE[O,I]

(b) Let X be a linear space. For each pair (x, y) E X x X, lefine a map A : X x X --.
X x X by

(i) Is A linear?
(ii) Find the inverse map A-I if it exists.
(c) Let X and Y be normed spaces. When co we say that a linear map
T : D(T) ~ X ---* Y is bounded ?
Let X = Y = 0([0,1]). Show that the integral operator T :'~ ~ Y defitt€6l by :

t'~ r •• r ~ •• i

'I . . ~

'(TX)(t) = 1 K(t;-s)X(s)ds

Question 2
(it) Show that all linear maps from a finite dimensional normed space are automat-
ically continuous.
(b) (i) When do we say that a normed space is Banach?
(ii} Let X be the linear space of all polynomials on the interv~l (0,1) with values in
JR.
Define 11',11 on X by

IIxll = SlIp, x E 'X. '
tE(O,l)

Show that (X, II· II) is an incomplete normed space.
(c) Show that the space (C(a, b), 11·11) is a Banach space, where C(a, b) is the linear
space of real valued continuous functions on the interval (a, b), a < b, a, b E lR
equipped with the sup norm,



Question 3
(a) Define an inner product space (H, < .,. >).
(b) For each x E H, show that IIx II = J < x, x > is a norm m H.
(~) Let H be a pre-Hilbert space. Prove the Cauchy-Schwartz inequality:

(d) Equip C(o, 1) with the supremum norm and let T = ~t'
(i) What is the natural domain of Tin 0(0,1;7
(ii) Show ,that T is linear.

Question 4
(a) Let X and Y be normed spaces and T : X ~ Y. When' i.s'I ' said to be continuous
at a point Xo in X 7 (b) If X = 0[0,1] equipped with thv SI'P norm, and Y = JR,
show that if Xo is a fixed 'member of e[O, I)' then the map

H(f) =11
2Xo(t)f(t)dt

is a bounded linear transformation from e[O, 1] to lFl.
(c) Let H be a Hilbert space with inner product < ',' > and let Xo, Yo E H be
fixed. Define Xo 0 Yo : H ~ H by

(Xo 0 Yo)(x) =< x, Yo '> xo, x E H.

Question 5
(a) Prove or disprove the following statement: The Cartesian product of two Banach
spaces X and Y is Banach.
(b) State and prove the Riesz Representation Theorem on a Hilbert space.
(c) Let (X, p) be a non empty complete metric space and T : X - X, a contraction
onX.
~how that T has a unique fixed point.
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