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1.0 ALGEBRAIC STRUCTURE

Let A be a non-empty set, a binary operation on A is a function *suchthat A*A — A . That is
* IS A rule by which every pair of elements x,y € A yield athird elementzin A, viz x*xy =z

. Such a set is said to be closed under .
EXAMPLE 1.1.0

The usual arithmetic operations +, - ,x ,= are binary operations on the Real set. Similarly, the

operations U,N, A are binary operations on the power set P(A) .

By an algebraic structure (or algebraic system ) we mean a non-empty set S, equipped with one
or more binary operations. We denote an algebraic structure consisting of set S and a binary
operation * by the ordered pair (S, ). Similarly, an algebraic system consisting of set S and two

operations * and o shall be denoted by the ordered triple (S, *,0).
EXAMPLE: 1.1.1
(N, +), (1, +), (Q, ), (R, +,.) (C, +,.) (p(X), u) and (P (x), U, n) are all algebraic systems.

For any binary operation * defined on a set S,

1. If x *y=y*xforall x,y € X, then * is said to be communicative.
2. If x * (y*z) = (x*y)*z for all x,y,z € S then * is said to be associative.
3. If there is an element e € S such that e*x = x*e = x for all X € S then e is called the

identity element (or unity element) of S. In particular e*e = e. e.g. 0 and 1 are the identity
elements of IR with respect to + and . operations respectively since for any x € IR, x+0=0+ X

=X x1=1x=x

4, if there is an element y € S such that x*y = y*x = e for x € S, then y is called the inverse

of x in S w.r.t*, where e is the identity element of S.



5. If * and o are operations defined on S we say that o is left distributive over * if
X0 (y*z)=xoy*xozforall xyzeS
and o is right distributive over * if
(x*y)oz=xo0z*yozforall x,y,z€S.

If 0 is both left and right distributive over * we simply say o is distributive over *.

1.2 THE STRUCTURE OF GROUPS
1.2.1 DEFINITION AND EXAMPLES OF GROUPS

An algebraic structure (G,*) is called a group if it satisfies the following properties

1. *isclosed in G

2. * is associative

3. the identity element exists

4, the inverse of each element of G exists.

A system satisfying only properties 1 and 2 is called a semi group.

A semi-group in which the identity element exists is called a monoid.

Now, if in addition to properties 1 — 4, we also have

5. * Is commutative, then (G, *) is called an abelian or commutative group.
EXAMPLE 1.2.1.0

It can easily be verified that (I, +), (R, +), (C, +) and (R*,.) are all abelian groups. (N, +) is

not a group since it has no inverse for its elements.

EXAMPLE 1211



LetG = {fyf,, ..., Fe} and x € R—{0.1} where f1(x) = x, f2(x) = i fa(x)=1-x

fa(x) = 2=, fs () = = fo(x) = —

If we define the binary operation o to be that of functional composition, then (G,0) is a non-

abelian group as can be deduced from the composition table below.

0 f f2 f3 fs fs fs
f1 f1 f, f3 fs fs fs
f f2 1 fs fs fs fs
fs f3 fs f1 f2 fo fs
fs fs f3 fs fs f> fi
fs fs fs fa f3 fi fa
fs fs fs fa f; f, fs

(G, 0) is not abelian since for example

1

(f2 0 fe) x = f2 (fs(x)) = fz(—) =

1-x

1
1/(1-x)

= 1-x=1(x)

1

But  (fs 0 B)(¥) = fo(o(¥) = fo(5) = =1 = = =H(x)

Which implies fbofe#£fc 0f

EXAMPLE 1.2.1.2

If we define addition modulo n (i.e. +,) onthe setlyasa+b=b+a=Cforallabel,
Then (I, +,) forms a group called the group of residue classes modulo n.

Similarly, it can be shown that the set of residues (or representatives) { 0,1,2,...,n-1} under
addition modulo n defined by a +, b =c for all a,b in the set (where c is the remainder when a +
b is divided by n) is also a group. It is called the “group of integers modulo n.”

1.2.2 ELEMENTARY PROPERTIES OF A GROUP

For any group (G, *) the following properties are satisfied:




1. The identity element of the group is unique

2. Each element in the group has a unique inverse

3. The inverse of the inverse of an element is the element itself i.e. if a €G, then (@)* = a
4. If a,b € G then (ab)™ = ba™. This is called the reversal law.

5. If a,b,c are elements of a group (G, *) then the cancellation laws hold. That is

I a*c = b*c implies a = b (Right cancellation law)
ii. c*a = c*b implies a = b (Left cancellation law)

6. If a,b € G, then there exists unique elements x and y in G such that ax = b and ya =b have

unique solutions in (G, *).
1.2.3 FINITE AND INFINITE GROUPS

If a group consists of a finite number of elements, it is called a finite group, otherwise the group

is infinite. E.g. (G, .) inexample 1.2.1.1 is finite while (I, +) is infinite.
1.24 ORDER OF A GROUP AND OF ITS ELEMENTS

If a group (G, .) is finite, the number of elements in the group is called the order of the group
denoted |G| or o(G).

If x is an element of (G, o) finite or infinite then the order of x is the least positive integer n such
that X" = e. e.g. the order of the group ({1,3,8%,...,a°},.)

1.3  SUBGROUPS AND COSETS

A non-empty subset H of a group (G, .) is called a subgroup of (G, o) if (H, o) is itself a group.
We call H a complex.

EXAMPLE 1.3.0

(I, +) is a subgroup of (Q, +) and (Q, +) is a subgroup of (R, +).



Obviously, any group (G, *) has at least two subgroups viz (G, *) and ({e}, *) where ¢ is the
identity element in G. These two subgroups are called trivial subgroups of (G,*). Any other
subgroup of (G,*) is non-trivial.

Also, the intersection of two subgroups of (G,*) is also a subgroup. However if (H1, *) and (Ho,
*) are subgroups of (G,*) then (H;UH,,*) is a subgroup of (G,*) iff Hy ¢ H, or H, ¢ Hiy. Also if

(H1, *) is an arbitrary indexed collection of subgroups of (G, *) then (nHy, *) is also a subgroup.
THEOREM 1.3

The necessary and sufficient conditions that a complex H is a subgroup of a group (G, *) are:

() H#0

(i) for every a,b in H, ab™ is also in H.

1.3.1 CENTRE OF A SUBGROUP

The centre of a subgroup (G,*) denoted c(G) is the subset of G containing those elements which

commute with all elements of G i.e. ¢(G) = {x € G: xg = gx for all g € G}.
1.3.2 COSETS OF A SUBGROUP
If (G, *) isa group and (H, *) is its subgroup, then the collection
H*a={h*a:ae G, he H} is called the right Coset of H in G, and
a*H = {a*h: a € G, h € H} is called the left Coset of H in G.
If e is the identity element in (G, *), then since He = eH, H is itself a Coset.
For any Cosets aH and bH where a,beG
aH = bH iff aebH. If agbH then aH # bH.

Hence, two left (or right) Cosets are either identical or disjoint; and so the left (or right) Cosets
of a subgroup H of G forms a partition of G.

The number of left (or right) Cosets of H in G is called the index of H in G, denoted (G:H).



EXAMPLE 1.3.2.1
Find the Cosets of the additive subgroup (2 I, +) of the additive group (I, +).
Solution:
Thesetl={...,-3,-2,-1,0,1, 2, ...}
21={...,-6,-4,-2,0,2,4, ..}

If a € I, then the Cosets of 21 in I corresponding to a is 21 + a. Since the group is abelian T + a =

a + [, therefore
21+ 0={{...,-6,-4,-2,0,2, 4, ..}
=21=21+2=2[+4 ... etc.
21 +1={...,-5,-3,-1,1,3,5, ... }
=201+3=2[+5=...¢etcC
Hence the distinct Cosets of (21, +) in (I, +) are 2l and 2I + 1; obviously 1 =21 U (2[ + 1)
THEOREM 1.3.1
The order of every subgroup (H, *) of a finite group (G, *) is a divisor of the order of the group.
PROOF 1.3

Suppose the order of (G, *) is n and the order of the subgroyup (H, *) is m, then by considering
the set of all right cosets of H in G where H = { hy,h,, ..., hn}, since G is finite, the number of
right cosets of H in G is finite. Let the number of (distinct) right cosets be k.

Since the right cosets form a partition of G, the number of elements in G (i.e. n) will be equal to
the number of elements in all the k right cosets having m elements each. Therefore,

N:m.k:>k:n/m

1.3.3 NORMAL SUBGROUP



If (H, *) is a subgroup of (G, *) we say H is normal in G denoted H A G if for all g € G, gHg™ =
H.

From this definition we can verify that the subgroup of every abelian group is normal. Also, H is
normal (invariant) if every left cosets of H is also a right coset of H in G. subgroup H, we can
easily talk of cosets of H in G without specifying whether right or left.

The trivial subgroups are obviously normal, and so any group having no normal subgroup except
the trivial ones is called a simple group.

EXAMPLE 1.3.3.1

If in example 1.2.1.1, we define a subset H = {f,f4,fs} then (H, o) is a normal subgroup of (G,0)

since fx oH = {f;,f4,fs} = Hofy for Thus in a normal

k=146.

Similarly, the subgroup (21, +) A (I, +), and the subgroup (R, +) A (C, +).

1.3.4 FACTORS OF QUOTIENT GROUP

If (H, *) is a normal subgroup of (G, *) and we define multiplication of cosets as:
Hi ®Hp, = Ha®b

then the set of all cosets of H denoted G/H forms a group under this composition, and is called

the factor group (or quotient group) relative to H, viz (G/H, ®).
Similarly, if we define addition of cosets as H, + Hp = Hasp then (G/H, +) is quotient group.
EXAMPLE 1.34.1

The set of cosets R/ T is a quotient group w.r.t. multiplication.

1.4 GROUP HOMOMORPHISMS



A mapping f:G — G' from a group (G, ®) into another group (G', *) is called a homomorphism

if for all x,y €G.

F(x®y) = f(x)*f(y)
where @ and * are the binary operations in G and G' respectively.
Thus, we see that homomorphism is an operation preserving mapping.
EXAMPLE 14.1

Let (R*,) be the group of all positive real numbers under multiplication and let (R, +) be the

group of all real numbers under addition.
If we define f: R" — R by
f(x) = logio
then f is a homomorphism since for any x,ye R*
f(x,y) = log (x,y)
= log (x) + log (y) = f(x) + f(y)
EXAMPLE 1.4.2
Suppose G is a group and N A G and we define the mapping f: G — G/N by
f(g) = Ng for all geG
then f is a homomorphism of G onto G/N since
f(91.92) = N(91.92) for 91,02¢G
= Ng1 Ng2 = f(g2)f(92).

1.41 KERNEL OF HOMOMORPHISM



If f is a homomorphism of G into G' then Kernel of f (denoted Ker. (f)) is a subset of G
containing those elements which are mapped by f to the identity element of G'. i.e. Ker = {geG:
f(g) = e' where €' is the identity element of G' }

1.4.2 ISOMORPHISM AND OTHER HOMOMORPHISMS
A homomorphism f:G — G'is called an epimorphism if f is onto i.e. if f(G) = G'
If f: G — G'is one-to-one then f is called a monomorphism.

A homomophism f: G — G' is called an isomorphism if f is one-to-one and onto, thus we say G

is isomorphic (denoted =) to G'.

A homomorphism f: G — G (i.e. G into itself) is called an endomorphism.
If f: G — G is isomorphic and onto then f is called an automorphism.

EXAMPLE 14.2.1

Letf:I — R - {o} defined by

_ rlif nisan even integer
F(n) - {—1 if nisanodd integer

Then f is clearly a homomorphism, and
Ker.(f) = {nel : f(n) = 1} = I (even integers) while the direct image f(I) = {1, -1}
REMARKS

If G —G' is a homomorphism with kernel K then k AG. Also if e and €' are the identity

elements of G and G' then

Q)  fle)=¢'

(i) f@@h) =[f(@)] forallae G

(iii)  ifthe order of a €G is finite and divides the order of a.

THEOREM 1.4.2.1 (Fundamental Homomorphism)



If f: G —H is a homomorphism of group G into group H then:

I The Ker. (f) =N is a normal subgroup of G

ii. the mapping @: f(G) —G/N defined by @ (f(g)) = Ng is an isomorphism.
PROOF

We first show that N (i.e. Ker (f)) is a normal subgroup of G. N # @ since it contains e the

identity of G. Let n;,n; €N, then
f(n) = f(ny) = €
Also since f is a homomorphism
f(nnz™) = f(n)f(n2™) = f(m) [f(n)]™
— e1e-1 — e1
= mn,™ eN. Hence N is a subgroup.

Now take neN, and any geG, then

fgng™) = f(g) f(n) f(g™)

f(g) & [f()]”

f(g) [f(g)]™ = €”

= gng™t eN, thusN A G
Now the homomorphism f induces map @ on G/N.
Next, we prove that @ : f(G) — G/N is a mapping.
It is conceivable that for g; # g2

F(g1) = f(g2). Thus, consider

f(0:02™) = f(9u) (92



= f(gu) [f(@2)]™
=1(g2) [f(@2)]" = ¢
Hence gi0:eN = g:eNg»
But g1eNgs also. And since the right cosets form a partition, hence
Ng: = Ng2
= 0(f(g1)) = 6(f(g2)) = @ is a mapping
We now show that @ is isomorphic
(i) @ is one-to-one, for if @ (f(g1)) = @(f(g2)) then gi = ng, for some neN.
= f(g1) = f(ng2)
= f(n) f(g2) = €'. f(g2) = (92)
(i) @ is a homomorphism for
@ (f(91) f(92)) = 8(f(g192)) [Homomorphism] of f]
= Ngi1g2 [Definition of @]
=Ngi1g, [G/N is quotient]
= @(f(91)) 2(f(92))

Thus (i) and (ii) show that @ is an isomorphism since @ is onto by the definition of factor group
(proof completed).

EXAMPLE 1.4.2.2
From example 1.4.2.1 above, we have f: (I, +) — (R",.), Ker. (f) = Ie, f(I, +) = ({-1,1}, .).
Hence, I/Ker (f) = /1 = { I, Io}

Theorem 1.4.2.1 guarantees that ({I., Io},*) = ({1, -1}, .) as can be seen in the tables



He He Ho 1 1 -1

Iy | Lo Ie -1 -1 1

The mapping f (induced mapping) which establishes the isomorphism is given by
({11} ) = { L L}
f(le) =f0+1)=f(0)=1
fly)=f1l+I)=Ff(1)=-1

THEOREM 1.4.2.2

In an abelian group the only inner automorphism is the identity mapping on G., but in a non-

abelian group there is always a non-trivial inner automorphism.
f(-1) = Ie* [ = I
f(l) =T* M. =1

PROOF

We first note that an inner automorphism is an automorphism f,: G— G such that
f.(x) = a™ x* for all xeG.

Hence let xeG, if G is abelian, then

f.(x) = a”xa (by definition)



=a™(a g) (commutativity)

= (a* a) g = g (associativity)

f, is the identity mapping on G.
If G is not abelian, then for a,beG

ab#ba= b#a'ba(ora#bab?)
Now, f, (b) =a'ba#b

I.e. f, is not equal to the identity

=~ f, Is not a trivial inner automorphism.

(proof completed).



RINGS AND THEIR ELEMENTARY PROPERTIES
2.0 INTRODUCTION

We have established a survey of all the basic ideas and important results necessary for this
project in section one above. We will now introduce the main topic of lesson — the theory of
rings — by considering its elementary properties and some useful results derived from these.

2.1 RINGS
An algebraic structure (R, +, .) is called a ring if:
A (R, +) is an Abelian group. In other words, the following axioms are satisfied.
A Closure: For all a,beR, atbeR
A,: Commutativity: For all a,beR, a+b = b+a
As: Associativity: For all a,beR, (a+b)+c = a+(b+c)
A, Additive identity: There exists a number O in R such thata+ 0 =0+ a =a for all aeR
As: Additive Inverses: There exists an element —a in R such that a+(-a) = 0 for all aeR
M. (R, .) is a semi-group: That is
M;: Closure Property: For all a,beR, a.beR
M,: Associativity: For all a,b,ceR, (a.b).c = a.(b.c).
D. Multiplication: *.” Is distractive over additive ‘+’ that is, for all a,b,c in R.
D;: a.(b+c) = a.b + a.c (left dist. Law)
D,: (ath).c = a.c + b.c (right dist. Law)
NOTE:

1. The additive identity is the zero-element of R, and so should not be confused with the
number 0.



2. It can be shown that — (- a) =a. Sincea + (-a) =0, letbh=-athena+ b=0,a=-b=-(-a).
EXAMPLE 2.1.1

Consider the system (I, +) of integers under addition ‘+’, this forms an abelian group. Also (I, 0)
is a semi-group with identity 1. Thus the system (I, +, 0) form a ring since ‘0’ is distributive over
‘“+’. It is called the ring integers.

We can also verify that the algebraic systems (R, +, 0), (Q, +, 0) and (C, +, o) are all examples of

rings.
2.1.1 COMMUTATIVE RING WITH IDENTITY

If in addition to the above properties of ring (R, +, 0) we have also Ms: an element 1R such that

for all aeR

al=la=a
Then (R, +) is called a ring with unity or (identity) element.
Ifaring (R, +, 0) is such that for all a,beR

Ms:a.b=Dh.a

Then (R, +, 0) is called a commutative ring. A ring (R, +, 0) in which the properties M3 and My
are satisfied is called a commutative ring with identity (or unity).

EXAMPLE 2.1.1.1

Consider the power set P(x) discussed in section one, if we define the binary operations A
(symmetric difference) and N (inetersection) on P(x) the (P(x), A, n ') forms a commutative ring
under these operations.

EXAMPLE 2.1.1.2

Let S =1 [v2] be the set of all real numbers of the form x + yv2 where x,ye I. It is easily
verifiable that (S, +, 0) is a commutative ring with unity.

EXAMPLE 2.1.1.3



Consider the modulo 5 set Is = {0,1,2,3,4}. It can easily be established that (Is, +s5, 0s) is a

commutative ring with unity under these compositions.

Generally, (I, +n, 0n) is a commutative ring with unity element 1 and is called the ring of

integers modulo n.
2.1.2 ELEMENTARY THEOREMS ON RINGS
If (R, +, 0) is a ring, then the following properties hold good:
THEOREM 2.1.2.1
For every elementainR,a.0=0.a=0
PROOF
Since o is the additive identity then,

a.0 +a.0 =a.(0+0) =a.0 =a.0+0

= a.0=0by(L.C.L) (0
Conversely, 0.a = (0+0).a = 0+0.a = 0.a+0.a

= 0=o0.aby(R.C.L) (i)
(1) and (i1) give the result.
THEOREM 2.1.2.2
Foralla,bin R (i) a.(-b) =-(a.b) = (-a).b

(ii) (-a).(-b) = a.b

PROOF
(0 a.0=0= a(-btb) =0 = a(-b)+ab=0

= a.(-b) = -(a.b) (inverse law) (iii)

Conversely,o0.b=0= (-a+a).b=o0,(-a).b+ab=0



= (-a).b = -(ab) (iv)
(iii) and (iv) give the result.
(i) (-a).(-b) = (-a).(-b) = (-a).(-b) + a.0 = (-a)(-b)+a(-b+a)
= (-a)(-b) + a(-b) + a.b = (-a+a)(-b) + ab
=o(-b) +ab=o+ab=ab
THEOREM 2.1.2.3
Forall ab,c in R, (i) a(b - c) = ab — ac and (ii) (b - c)a = ba - ca
PROOF
() alb-c)=alb+(-c))=ab+a(-c)=ab+(-ac)=ab-ac
(i) (b-c)a=(b+(-c))a=ba+(-c)a=ba+(-ca)=ba-ca
REMARK

Theorem 2.1.2.1 shows that in a ring with identity, the identity and zero elements are never the

same (since a.1 = 1.a =a) except if the ring contains only one element o.
We call a ring ({0}, +, 0) consisting of only one element, 0, a zero ring.

If R # {0} and (R, +, 0) is a ring with identity then the elements o and 1 are distinct
because R # {0} implies that there must be a non-zero element a in R, otherwise, if 1 = 0 then a
= a.1l = a.0 = 0 which is a contradiction. Thus we can safely assume that any ring with identity

contains more than one element.
2.2 SUBRINGS AND ZERO DIVISORS
2.21 ZERO DIVISORS

Aring (R, +, 0) is said to have zero divisor (or divisors of zero) if there exists non-zero elements

a,b eR such that a.b = 0. We call a the “ left zero divisor”, and, b the “right zero divisor”.

EXAMPLE 2.2.1.0



The monoid (IIs, 0) discussed in example 2.1.1.3 have no zero divisors since there are no such

elements a,b in I5 such that a,b = o.

However consider the set IIg, = {0,1,2,...,6,7} we see that the ring (I, +, 0) contains three zero
divisor 2,4 and 6 since

2.4=4.6 =0 (mod 8)
Whereas none of 2,4,6 is zero.
THEOREM 2.2.1.1
A ring is without zero divisors if and only if the two cancellation laws hold for multiplication.
PROOF
Let the cancellation laws hold good in R and let a.b = 0 where a # o, then a.b = a.o
= b=o0by(L.C.L). Conversely, suppose R has no zero divisors and a # o, if ab = ac then:
ab—-ac=0=a(b-c)=0or
alb-c)=a0o=b-c=0(byL.CL)=b=c
Similarly, we can show that the RCL holds since if b#0 anda.b=c.bthen(a—c)b=0
=ob=a-c=0(byR.CL)= a=c.
2.2.2 INTERNAL DOMAIN

A commutative ring with of integers is an integral domain or if a,b are non-zero integers then
a.b #o.

The ring of integers modulo p (I, +,, 0p) Where p is prime and is also an integral domain.
For instance (IIs, +, 0) is not an integral domain since it has zero divisors 2,4 and 6).
2.2.3 IDEMPOTENT AND NILPOTENT ELEMENTS

An element ‘a’ of aring (R, +, 0) such that a° = a is called idempotent element.



Also, if any element aeR is such that a" = o where n is a positive integer then a is called nilpotent

element.
EXAMPLE 2.2.3.1

In an integral domain D, if e (# o) is an idempotent element then it is the identity element of the

domain. e.g. in (I, +, 0), the only idempotent elements of D are 0 and 1.
Furthermore, the only nilpotent element of an integral domain D is 0.
THEOREM 2.2.3.1

If (R, +, 0) is a ring with identity having no zero divisors, then the only solutions of the equation
a’=aarea=0anda=1.

The Proof is very obvious since;
Ifa®=aanda#o,thenas=al =a=1.
EXAMPLE 2.2.4 (TRIVIAL RING)
Let (A, +) be any abelian group, and let us define o on A by ao b =o for all a,beA.

Then (A, +, 0) isaring; it is called a trivial ring on A. It is obvious that all the elements of (A, +,

0) are zero divisors.

2.2.4 CHARACTERISTIC OF ARING

If (R, +, 0) isan arbitrary ring and there exists a positive integer n such that
n.a=o for all aeR

then the least positive integer with this property is called the characteristic of the ring.

If no such positive integer exists (i.e. na = 0 = n = o for all aeR) then we say (R, +, 0) has

characteristic zero.

EXAMPLE 2.24.1



The rings of integers, rational numbers and real numbers have characteristic zero while the ring
(p(x), A, n) is of characteristic 2 since 2A=AAA=(A-A)U (A-A) =0 forall AinP(x).

THEOREM 2.2.4.1

Let (R, +, 0) be a ring with identity, then (R, +, 0) has characteristic n > 0 iff n is the least
positive integer for which n.1 = o.

PROOF:

If the ring (R, +, 0) is of characteristic n > o then it follows trivially that n.1 = 0. Suppose m.1 =

0 where 0 <m < nthen
Ma=m(l.a) =(ml).a=o0.a=0
for every element aeR implying the characteristic of (R, +, 0) is less than n, a contradiction.
The converse is established the way.
CORROLARY 1

In an integral domain all the non-zero elements have the same additive order, which is the

characteristic of the domain.

CORROLARY 2

The characteristic of an integral domain is either zero or a prime number.
2.2.5 DIVISION RING (OR SKEW FIELD)

A division ring is a ring with identity in which every non-zero element has a multiplicative

inverse.

= It is a ring with unity in which the non-zero elements form a group w.r.t

multiplication.

FIELD



A commutative dicision ring is called a field. Also by implication, we can say that: A field is an

integral domain in which every non-zero element has a multiplicative inverse.

Thus, every field is an integral domain. The converse does not hold however, but, any finite
integral domain is a field.

EXAMPLE 2.2.5.1

(Q, +,0), (R, +,0) and (C, +, o) are fields of rational, real and complex numbers respectively.
(T, +, 0) is an integral domain which is not a field.

2.2.6 SUBRING OF A RING

Let (R, +, 0) be aring abd let SCR be a non-empty subset of R. If (S, +, 0) is itself a ring, then

(S, +, 0) is called a subring of (R, +, 0).

From our definition of ring, it is evident that (S, +, 0) is a subring of (R, +, 0) if (S, +)is a
subgroup of (R, +), (S, o) is a subsemigroup of (R,0) and the two distributive laws hold for all

elements of S.

We should note that both distributive and associative laws automatically hold in S since they are
valid in R, thus they are not particularly required when defining a subring. All that is required

are:
I S is non-empty

ii. (S, +) is a subgroup of (R, +) and
iii. (S, 0) is unique.

EXAMPLE 2.2.6.1

Consider the ring of integers (I, +, 0), the ring of even integers (I, +, 0) where . = 2I is a

subring of (I, +, o) but (I, +, 0) considering of odd integers is not.

EXAMPLE 2.2.6.2



Let S = {a+bv3:abel}, then (S, +, 0) is a subring of (R, +, 0) since for ab,c,del
(a+bv/3).(c+dv/3) = (ac + 3bd) + (bc + ad) v/3 eI and (S, +) is a subgroup of (R, +).

Similarly, (I[v2] +, 0) is a subring of (R, +, 0).
EXAMPLE 2.2.6.3

Let (R, +, 0) be any ring then (R, +, o) and ({0}, +, o) are subrings of (R, +, o) called “trivial
subrings”. Also, (Cent. R, +, 0) is a subring of (R, +, 0) where cent. R = {0 € R: 0.x = x.0 for all

X €R } is called the centre of the ring (R, +, 0).
THEOREM 2.2.6.1

If S is a non-empty subset of R, then (S, +, 0) is a subring of (R, +, o) iff for a,b €S, a-b €S and
a.b eS.

PROOF

Suppose that whenever a,b €S, we have a-b €S and a.b €S then S is a subgroup with respect to
addition. Moreover, S is closed under multiplication. Since associativity and distributive laws

hold in R, associativity of multiplication and distributivity hold in S. Proof completed.
REMARK

In a ring with identity, a subring need not contain the identity element. Also, some subrings have
multiplicative identity whereas the entire ring does not. Also, both the ring and one of its
subrings possess distinct identity elements. For instance, consider the ring (R *x R*, +, 0) of all
ordered pairs of non-zero real numbers where (a,b)+(c,d) = (a+c, b+d) and (a,b).(c,d)=(a.c,b.d).
We can easily verify that (R *x R*, +, 0) is a ring with identity element (1,1) whereas (RxO0, +,

0) which is its subring has identity element (1,0).

2.3 RING HOMOMORPHISMS AND ISOMORPHISMS

2.3.1 HOMOMORPHISM OF RINGS



Let (R, +, 0) and (S, @, ©) be two rings and f: R — S be a function, then f is a ring
homomorphism if and only if f(a+b) = f(a) @ f(b), and, f(a.b) = f(a) Of(b) for every pair of

elements a,b in R.
EXAMPLE 2.3.1.1

Let R and S be arbitrary rings and let f: R — S maps each element of R onto the zero element 0'

of S, we find that f is operation preserving
flath)=0'=0'@® 0' = (a) @ f(b)
fla.b)=0'=0' O 0' =f(a) O f(b)
for all a,be R.
This mapping, as in groups, is the trivial homomorphism.
EXAMPLE 2.3.1.2
Consider the rings (I, +, 0) and (I, +n, X5), and let f: T — I, defined by f(a) = @,
then f(a+h), a + b = @ +, b = f(a) +, f(b)
f(a.b) =a.b = a o, b = f(a) o, f(b)
Hence f is homomorphic.
THEOREM 2.3.1
Let f: R — R'be a homomorphism of a ring R into R, then
(i)  f(0) = 0' Where 0 and 0' Are the additive identities of R and R' Respectively.
(i) f(-a) =-f(a) forallae R
(iii)  If R isa commutative ring then R' is also a commutative ring.
(iv)  If Ris aring with identity, then R’ is also a ring with identity.

(v) If R is a ring without zero divisors, then R' is also a ring without zero divisors.



(vi)  If Ris askew field then R' is also a skew field.
(vii) If Risa field then R' is also a field.
PROOF
(1 f(a) + f(0) = f(a+0) Definition of homomorphism i.e. f(a) + f(0) = f(a) = f(a) + o'
= f(0) =o' by LCL.
(i)  f(a) + f(-a) = f(a+(-a) definition of homomorphism i.e. f(a) + f(-a) = f(0) = 0'
= f(-a) = - f(a)
(1)) Since R is commutative f(ab) = f(ba)
F(a) f(b) = f(b) f(a) (definition of homomorphism)
Hence R' Is also commutative.
(iv)  Let 1le R be the unity of R,
f(a) = f(a.1) = f(a) f(1)
= f(1) is the unity element of R’
Thus R'is also a ring with identity.

(v) From (1) we have f(0) = o'. Since the mapping f is one-one then 0 is the only element of
R which has the f- image o".

Let f(a) #0' = a+#0

Similarly if f(b) #0' = b #0

Now, ab # 0 since R has no zero divisors
= f(ab) # f(0) = 0'

Hence R' Has no zero divisors.



(vi) If R is a skew field this means it is a ring with unity element and without zero divisors.
Thus in view of (iv) and (v), R' Will also be a ring with unity element and without zero divisors.

Hence R’ Is a skew-field also.

(vii). If R is a field , then it is a commutative ring with unity element and without zero-
divisors. Hence in view of (iii), (iv) and (v) R' Will also be a commutative ring with unity

element and without zero divisors. i.e. R' Is also a field.

2.3.2 ISOMORPHISM OF RING

Two rings (R, +, 0) and (R, +, 0') are said to be isomorphism if there exists a one-to-one

homomorphism f from R onto R, and we write (R, +, 0) = (R', +, 0).
2.3.3 KERNEL OF HOMOMORPHISM
If f is a homomorphism from ring (R, +, 0) into ring (R', +', 0') the kernel of f is
Ker. () ={aeR: f(a) =0}
Where 0' Is the zero element of (R', +', o).
THEOREM 2.3.3.1
If f is a homomorphism from (R, +, 0) onto (R', +, 0') then (R/ Ker(f), +, 0) = (R!, +!,0!).
PROOF
Define f: R/ Ker(f) » R' The induced mapping by taking f (a + Ker (f)) = f(a).

From the proof of theorem earlier (R/ Ker(f), +, 0) = (R!,+!, 0!) by f. Thus we only need to
show that f preserves the multiplication operation (R/ Ker(f), +, 0). How f (a + Ker (f)).(b + Ker

() = f (a.b + Ker (f)) = f (a.b) = f(a)*f(b) = f (a + Ker (). (b + Ker (f)). Proved.
2.3.4 IMBEDDING OF A RING INTO ANOTHER

Aring R is imbedded in another ring R' If there exists some subrings S or R' Such that R = S.



THEOREM 2.3.4.1

Any ring can be imbedded in a ring with identity.

PROOF

Let R be an arbitrary ring and I the ring of integers. Construct the cross product
Rx1={(ab): aeR, bel}

and define the following operations on R x I
(a,m) + (b,n) = (a+b, m+n)
(a,m).(b,n) = (ab + mb + na, mn).

Under these operations R x I becomes a ring. Its additive and multiplicative identities are (0,0)
and (0,1) respectively, since (0,0)+(a,b) = (a,b) and, (0,1).(a,b) = (a,b) and the additive inverse of
any element (a,m) is (-a, -n). Hence R x 1 is a ring with identity.

Now, consider the subset Rx {0} of R x I
Rx {0} = {(a,0) : aeR}

This is a subring of R x I since if (a,0), (b,0) € Rx{0} then
(a,0)+(b,0) = (a+h,0) € Rx{0}
(a,0).(b,0) = (a.b, 0) € Rx {0}

To show that Rx {0} is isomorphic to R, define f: R — Rx {0} by
f(a) = (a.,0)

Evidently, fis one-to-one, and is also operations preserving for
f(a+b) = (at+b,0) = (a,0)+(b,0) = f(a)+f(b)
f(a.b) = (a.b,0) = (a,0).(b,0) = f(a)+f(b)

Hence R = Rx {0} and so R is imbedded in R x . This complete the proof.



NOTE:

Since it is possible to embed any ring without identity in a ring with identity, there is no loss of
generality in assuming that every ring has an identity element.

EXAMPLE 2.34.1

(I, +, 0) is embedded in (Q, +, 0) by the embedding f: m — m/1 while (I, +, 0) is embedded in
(C, +, 0) by the embedding f: a — a + 0,i.

THEOREM 2.3.4.2
Any finite integral domain is a field.
PROOF

Suppose az,a, ....,a, are elements of ring (R, +, 0). For a fixed non-zero element aeR, consider
a.{as,a,...,an}. The products a.a, a.ay, ..., a.a, are all distinct, for if a.a; = a.a;, then a; = a;, by
the leftcancellation law. It follows that each element of R is of the form a.a;.

In particular, there exists some a;eR such that a.a; = 1. Since multiplication is commutative we

have a; = a™ which shows that every non-zero element of R is invertible.
Hence, (R, +, 0) is a field.
2.3.5 FIELD OF QUOTIENTS

Let D be an integral domain and F be a field containing a subset D’ such that D =D’, then F is
called the field or quotients of D (or the quotient field of D).

We now extend the ideas of the above theorem into constructing the embedding field itself, that
is, the field of quotient.

THEOREM 2.35.1

Any integral domain can be embedded in a field. That is, from the elements of an integral
domain D, it is possible to construct a field F which contains a subset D’ isomorphic to D.

PROOF



Let D be an integral domain and let D, denote the set of all non-zero elements of D.
Formaset D x Dy, say, S = {(a,b): aeD, beD.}
Define a relation ~ as follows:
(a,b) ~(c,d) iff ad = bc for all (a,b),(c,d) €S.
This is an equivalence relation, because (a,b) ~ (a,b) since ab = ba = ~ is reflexive.
Also, if (a,b) ~(c,d), then ad = bc or cd = da =(c,d) ~ (a,b). That is ~is symmetric.
Also, if (a,b) ~ (c,d) and (c,d) ~ (e,f)
Then, ad = bc and cf = de
i.e. (ad)f = (bc)f = (ad)f = b(cf)
= a(df) = b(de)
i.e. a(fd) = b(ed) =(af)d = (be)d
=af=be (by R.C.L)
(a,b) ~ (e,f) = ~ is transitive.
Hence, the relation partitions the product set S into disjoint equivalence classes.

Let us denote the equivalence class containing

(a.b) by @/, (oe [a,b] or (a, b)

ie. @/, = {(c,d): (c.d) ~ (ab)} of course, if (a,b) ~ (c,d) = %: % =ad = bc.
Now let us form a set F where

F= {%; aeD, beDo} is the set of equivalence classes

And define the following operations of F:



. d+b
Addition: 4 =2 forall 2 SeF
b d bd b d
inlication: a ¢ _ ac ac
Multiplication: il for all o eF

We claim that these operations are well-defined and illustrated as follows:

IfE=2 and $= 2, then
b by d  dy

[ ad + bc a,dq1+ bqc
_|__1:> — U 1C1
bq dq bd bidq

a

(i)

SRS

+ =
d

=(ad + bc) b;d; = bd(a;d; + bsic1)
From L.H.S, (ad + bc)b;d; = adbyd; + bebid;
= ab;dd; + bb;cd;
= ba;dd; + bbsdc,
= bda;d; + bdb;c,
= bd(a;d; + bic;) = RHS

Hence, addition is well defined.

. a ¢ aj.cq
- —-= — e = =
(in) P byds acbid; = bdajc; = bdajc

From L.H.S, acb1d1 = aledl
= ba1d01 = bda1c1 =R.H.S
Hence multiplication is also well defined.

Now we can verify that under these operations F forms a field.

The additive identity is > where a # 0

And the multiplicative identity is g, a#0

The additive inverse of% = —% and the multiplicative inverse of% is % (a+#0)

Associativity, commutativity and distributivity can also be easily established. Hence (F, +, 0) is a
field.



Now Let D’ ¢ F where
y _ fax,
D’ = {x 1 aeD, xeDO}
Since if x# 0, y # 0, then ‘;—x = ‘;—y for axy = xay
Hence, we can write D’ for any non-zero x as

D" = {££: e}

X

Now we define a mapping f: D —»D’ by
f(a) = ‘;—x for all aeD

f is one-to-one because if f(a) = f(b) then

ax bx
—=—= ax? = bx?> = (a—b)x*>*=0

Ora—-b=0=a=b

f is onto, since for any ‘;—x eD’ there is aeD such that f(a) = =

X

Finally f preserves operations because

_ (a+b)x _ (a+b)x? _ ax?+ bx?
f(a+b) T x - x2 - x2
_ ax? bx? _ ax b_x _
==t 7=t =f@+ fb)
2
And fab) = 28 = 1 et

=2 7= f(a).f(b)

X

Hence, f is isomorphic, that is, D = D’.

We see that the elements of D’ can be identified with the elements of D in a one-to-one basis,
andso D cF.

EXAMPLE 2.35.1



We see that (Q, +, 0) is the quotient field of (I, +, 0) since if I ¢ field F, then all the ab1 (or
a/b) where ae I, b el must also be in F. Thus (Q, +, 0) must be a subring of F and (Q, +, 0)

is thus the smallest field containing (I, +, 0).

Similarly, we can construct the field of quotients (R, +, 0) from (Q, +, 0); and the field (C,
+,0) from (R, +, 0).

EXAMPLE 2.3.5.2

(R, +, 0) is the quotient field of both (@[\/5], +,0) and (Q[v3], +, 0) while (C, +, 0) is the
quotient field of (I[i], +, 0).



