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1 Real Numbers and the Real Line

Calculus depends on the properties of the real number system. Real numbers
are numbers that can be express as decimals, for example

5 = 5.00000...
3 0.750000...

4

1

~ = 0.3333...

3
V2 = 1.4141...

T = 3.14159... (1)

In (1) each of the three dots indicates that the sequence of decimal digits
goes on forever. Observe that the patterns of the first three numbers in (1)
above are obvious since we know that the subsequent digits are. However for
V2 and 7 there are no obvious pattern. Geometrically, we can represent the
real numbers as points on the real line (as shown below).

The symbol R is used to denote either the real number system or equivalently,
the real line.

Properties of the Real Numbers

Basically the properties of the real number system fall into three categories
namely: algebraic, order and completeness properties.

Algebraic properties. You are familiar with the algebraic properties which
assert that real numbers can be added, subtracted, multiplied, and divided
(except by zero) to produce more real numbers and the usual rules of arithmetic
are valid.

Order properties. This refer to the order in which the numbers appear
on the real line. For example, if x lie to the left of y, then we say that “x is
less than y” or “y is greater than x”. These statements are written symbolically
as x < y and y > =z, respectively. Thus the inequality z < y would mean that
either x <y or z =y.

The order properties of the real numbers are summarized in the following
rules for inequalities.

Rules for Inequalities



If a,b and c are real numbers, then

l.a < b=a+c<b+c
2.4 < b=a—-c<b-c¢
3. a < bandc>0= ac<bc
4. a < bandc< 0= ac> bc, in particular, —a > —b
1
5. a > 0= ->0
a
1 1
6.0 < a<b= -<-—
b a

Rules 1 —4 and 6 (for a > 0) also hold if < and > are replaced by < and >.

Remark 1 Observe that the rule for multiplying (or dividing) an inequality by
a number. If the number is positive the inequality is preserved, if the number is
negative, the inequality is reversed.

Completeness properties of the Real Numbers

This is more subtle or difficult to understand. If A is any set of real numbers
having at least one number in it and if there exists a real number y with the
property that x < y for every = in A, then there exists a smaller number y with
the same property. In other words, this says that there is no holes or gaps on
the real line- every point corresponds to a real number.

The set of real numbers has some important subsets as follows:

1. The natural numbers N or positive integers Z', namely, the numbers,
1,2,3,4,...

2. The integers Z, namely, the numbers 0, £1, +2, £3, ...

3. The rational numbers Q, that is, numbers that can be expressed in the
form of a fraction 7*, where m and n are integers, and n # 0. Precisely,
the rational numbers are those real numbers with decimal expressions that

are either:

(i) terminating (that is, ending with an infinite string of zeros), for example
3 =0.750000.. or

(ii) repeating (that is, ending with a string of digits that repeat over and over),
for example, 22 = 2.090909... = 2.09. (The bar indicates the pattern of
the repeating digits).

Real numbers that are not rational are called irrational numbers.
Example 2 Show that each of the following numbers (a) 1.323232... = 1.32 and

(b) 0.3405405405... = 0.3405 is a rational number by expressing it as a quotient
of two integers.



Solution 3 (a) Let x = 1.323232... Then x — 1 = 0.323232... and
100z = 132.323232... = 132 + 0.323232... =132+ 2 — 1.

Therefore,
131
99z = 131 and x = —.
x and 5= -5
(b) Let y = 0.3405405405... Then 10y = 3.405405405... and 10y — 3 =
0.405405405...

Also
10000y = 3405.405405405... = 3405 + 10y — 3.
Therefore,
3405 63
9990y = 3405 d y=— = —.
Y Y= 9990 T 185

Remark 4 Note that the set of rational numbers has all the algebraic and order
poroperties of the real numbers but does not have the completeness property.
This 1s because, there is no rational number whose square is 2. Hence, there is a
“hole” on the “rational numbers” since /2 exists as irrational number (prove
this).

Because the real numbers has no such “holes”, it is the appropriate setting
for studying limits and therefore calculus.

Intervals

A subset of the real line is called an interval if it contains at least two real
numbers and also contains all real numbers between any two of its elements.

If @ and b are real numbers such that a < b, then we define the followings:

(i) the open interval from a tob, denoted by (a,b) consists of all real numbers
x satisfying a < & < b.

(ii) the closed interval from a tob, denoted by [a, b] consists of all real numbers
x satisfying a < z < b.

(iii) the half-open interval [a,b) consists of all real numbers x satisfying
a<z<hb.

(iv) the half-open interval (a,b] consists of all real numbers z satisfying
a<z<bh.

The end points of an interval are called the boundary points. Observe that
the intervals (i) — (iv) above are finite intervals since each of them has finite
lenght b — a. Note that an interval may be infinite, e.g. (a,00), R = (—o00, 00).
The symbol co (“infinity”) does not denote a real number and so we do not use
a square bracket at an infinite end of the interval. Draw the graph of the above
(exercise).



Example 5 Solve the following inequalities. FExpress the solution sets in terms
of intervals and graph them.
(a)2z—1>z+4+3 (b)) —£>3z—-1 (c) %5 >5.

r—1 —

Solution 6

(@) 2zx—1 > x+4+3 Add1 to both sides
2¢ > x+4  Subtract x from both sides

x > 4 The solution set is the interval (4,00).
(b) - g > 2x—1  Multiply both sides by — 3.
z < —6x+3 Add6x to both sides.
v < 3 Divide both sides by 7.
3 3
x < 7 The solution set is the interval (—oo, ?)

(¢) Multiply both sides of % > 5 by x — 1, noting that the inequality we
reverse if x —1 < 0. So, we break the problem into two cases as follows:
CASE 1 z—1>0,that is, = > 1.

2
1 > 5 Multiply both sides by x — 1.
T —
2 > bxr—5 Add 5 to both sides.
7 > bx Divide both sides by 5.
g > =z The solutions for this case lie in the interval (1, g]

CASE 2 z—1<0,that is, = < 1.

2
1 > 5 Multiply both sides by x — 1.
T —
2 < bx-—5 Add 5 to both sides.
7 < bx Divide both sides by 5.
g < =z There are no numbers satisfying © < 1 and z > g

7
The solution set is the interval (1, g]

Example 7 Solve the system of inequalities:
(a) 3<2x+1<5, and (b) 3z —1 < bz +3 < 2zx+15.

Solution 8 (a) We first solve the inequality 3 < 2z + 1 to obtain 2 < 2z, so
x > 1. Similarly, the inequality 2x + 1 < 5 yields 2x < 4, and so x < 2. The
solution set of the system (a) is the closed interval [1,2].



(b) We solve both inequalities as follows:

3r—1 < bx+3 and Sr+3<2x+15
-1-3 < bzx—3z br —2x <15—3
—4 < 2z 3r <12
-2 < =z z <4

The solution set is the interval (—2,4].

Example 9 Solve the inequality

3 2
x—1 T

and graph the solution set.

Solution 10 This inequality can be written as

3 2
+- < 0
r—1 =
Sr — 2
or=a 0.
z(x —1)

The solution will consist of those value of x for which the numerato and
denominator have opposite signs. This resulted into two cases as follows:

CASE 15z —2 > 0 and z(z — 1) < 0. In this cas we need x > 2 and
0 <z <1, so the solution set is (%, 1).

CASE 25z —2 <0 and z(x—1) > 0. In this case we need x < 2 and either
x <0 orx>1, so the solution set is (—00,0).

The solution set of the given inequality is the union of these two intervals,
namely, (—o0,0) U (2,1).

The Absolute Value
The absolute value or magnitude of a number z, denoted by |z| is defined
by

z ifz>0
|x| = 0 ifz=0
—x ifx<O.

Geometrically, |z| represents the (nonnegative) distance fro x to 0 on the
real line.

Properties of Absolute Value
1. |—a| =|a].

2. |ab| = |al [b| and |%| = .



3. la£b| < |a|+ |b]. (the triangle inequality).
We now give examples of inequalities involving absolute values.
Example 11 Solve (a) |2z +5| =3, (b) |3z —2|<1.

Solution 12 (a) |2z + 5| = 3 <= 2245 = £3. Hence, either 2z = —3—-5 = —8
or 2z =3 — 5 = —2. The solutions are x = —4 and © = —1.
(b) 13z — 2] <1<= —1<3x—2 < 1. We then solve this pair of inequalities:

-1 < 3z-2 3r—2<1
-1+2 < 3z and 3r<1+2

1

- < <1

3 = T z <

Thus the solutions lie in the interval [5,1].
Example 13 Solve the equation |z + 1| = |z — 3.

Solution 14 |z + 1| = |z — 3| implies that either vt +1 =x -3 orx +1 =
—(x — 3). The first of these equations has no solution while the second has the
solution x = 1.

Example 15 What values of x satisfy the inequality |5 — %| <37

Solution 16 We have

‘5 - 2‘ < 3= -3<5H~- 2 < 3 Subtract 5 from each number.
x x

2
-8 < —=—< =2 Divide each number by — 2.
T
1
4 > —>1 Take reciprocals.
T
1

So the given inequality holds for all x in the open interval (%, 1).

Exercise 17 In Ezercises 1-2, express the given rational number as a repeating
decimal. Use a bar to indicate the repeating digits.

1. 2 2. &

In Exercises 3-4, express the given repeating decimal as a quotient of integers
in the lowest terms.

3. 0.12 4. 3.27

In Ezercises 5-10, solve the given inequality, given the solution set as an
interval or union of intervals



5. bx—3<T7-3z 6. =t >2 7. 57— <3 8.

2—x
2? —x <2 9. Z <3 100 $>1+1%
In Exercises 11-14, solve the equations
11. |z[ =3 12. 12t + 5[ =4 13. |51 =1 14
|8 —3s] =9
In Exercises 15-18, write the interval defined by the given inequality
15. Jz—1<2 16. |22+5| <1 17. 2-%] <3

18. |3z — 17| <2

19. Sove the equation |x—1|=1—2x

20. Show that the inequality |a — b| > ||a| — |b|| holds for all real numbers a
and b.

INDICES

Consider the product of a number with itself, that is a X a is usually written
as a?. Similarly, @ X @ X a = a3, i.e. the third power of a. Thus, the number
which expresses the power is called the index.

Fundamental laws of indices
Let m and n be positive real numbers, then

(I) a™ X " = a7n+n e.g. 22 % 23 — 22+3 — 25

L) a™ +a® =a™ " e.g. 20+ 23 =263 = 23

(III) (am)n = qgmn e.g. (22)3 — 22><3 — 26
Other laws

(IV) a* = va
(V) a¥ = Y
(VI) a®=1fora#0
(VII) a ™ = (%n
As application of the above laws we have the following examples.

Example 18 Simplify

1. 20 x 33
2. 23 x 83
3. 643 x4-3




Example 20 Solve the equations
1. 16 = 8"
2. 9% —43*+3=0.

Solution 21 1. 16 = 8™ can be written as
24 — (23)n . 24 — 23n
It follows that 4 = 3n, and son = %.

Solution 22 2. 9% — 4.3 + 3 =0 can be writlen as
(3%)* —4.3* +3 = 0.
= (3%)2-43"+3=0 (%)
Let 3% =y, then (x) becomes
y? —4y+3=0
= (y—1)(y—-3)=0.
Hence, y=1 andy =3

Casel

y=1=3"=1

=3 =30

—x=0.

Case 2

Solution 23 y=3=—3*=3

= 3% =3!

=z =1.

So, the solution of the equation is x = 0 or x = 1.

Example 24 FEvaluate
4.7+t _ gnt2

2n+2 —9on
Solution 25

4.2l _ont2  929n 9l _gn 92 on(93 _ 92) (23— 22) 84 4

ont2 _gn T g2 _9n T n(22 1)  (22-1) 4-1 3

Exercise 26 1. Evaluate (a) 23 x 43 (b) 272 x 372.

2. Solve the equations  (a) 4™ = 8 (b) 4% = 52% 422 =0
9% — 4.3+ 4 3% = 0,

3. Simplify (x4y22*3)% (\/m5y22> gz

SURDS

(c)

A number which cannot be expressed as a fraction is called an irrational

number in the form of roots are called surds. For example v/2,V/7, e.t.c.

Operation with surds



1. ¥ab= v/ax b
m/@ _ Va

2. %% = =7

3. w/a= "/

Note that the n*" root of a number “a”written as {/a is a number which
when multiplied by itself n times gives a.
A surd can be expresses in terms of another simpler surds as shown below:

1. V8=12x2x2=22x2=2V2
2. V32 =2Xx2x2X2x2=vB x4=4

FACTS: ¥a" =aw =a' =a! =a.

Exercise 27 Simplyfy (a) /32 (b) V500  (c¢) ¥/128

Rationalization

Rationalization is the process of removing surd from the denominator of an
expression. This is done by multiplying the numerator and denominator of the
expression by the conjugate of the surd in the denominator. To illustrate this
process, we give the following examples:

Example 28 Rationalize (a) % (b) %

Solution 29 (a) %z%x%:@
(b)) 2= =2 x¥2_2V2_ 2
52 5v2 2 5X2 5 °

Note:

The conjugate of V2 is V2

The conjugate of 5v/3 is V3

The conjugate of 2v/3+5is 23 — 5
The conjugate of V7 =518 V7 + /5.

Example 30 Rationalize ﬁ

Solution 31

3 3 V3-5V2 3(V3—-5v2)
V34+5v2 VB 4+5v2 0 VB-5v2  3-5V6+5V6-50
3(V3-5v2)  3(V3-5v2) -3(V3-5V2)

3 —50 —47 47
—3V3 +15v2
47 '

10



Equation involving surds
We illustrate with example.

Example 32 Solve for z if Jx+z+7=7T7

Solution 33 By squaring both sides we have

(\/E+\/a:+7)2 = 7
r+r+T7+2/2x+7) = 49

20 —42 = =2\/z(z+7)
x—21 = —ya(z+7)

Squaring both sides again gives

(x—21)% = z(x+7)
22— 4224441 = 22+ Tz
—497 +441 = 0

497 = 441
_ o
ST
x = 9.

Example 34 Find the square oot of 5 — 2v/6.

Solution 35 Let the square root of 5 — 21/6 be vz —/y. That is

5-2v6= (V- 7).

Squaring both sides to have
5—2V6=x+y—2/Ty

Equating the rational and the irrational parts to have

T+y = 5
JVIy = V6
Squaring both sides of equation (8) we obtain
r+y = b
ry = 6

From (4), y =5 — x. Substitute this value into (5) we have

11



6 = z(5-—x)

2> —5r+6 = 0
(x—2)(xz—=3) = 0
r = 2andz =3

Substitute the values of x into (4) to have y = 3 when © = 2 and y = 2 when
x = 3.
The root of 5—2\/6::|:(\/§+\/§).

Exercise 36 1. Ezpress without roots in the denominator (a) % (b)
4

1 4
5v2 () 2—V/3 (4) 2v3+v2’
2. Solve the equations: (a) Vx+5=5—x (b)) V2x+3—-Vz—-2=2.

3. Find the square roots of  (a) 8+2v/5 (b) 18 —12V/2.

4. Find the square root of 11 — 2+/30 and hence show that

1 3 +2ﬁ
VII-2V30 V6-v2 14+V3

Logarithms

We already know that 100 = 102, 1000 = 103, e.t.c. In general, if y = 107,
then z is called the logarithms of y to base 10. Thus, 100 = 102> = log 100 = 2.

Similarly, 1000 = 10* = log 1000 = 3.

Observe that the logarithm of a number need not be to base 10; in fact, it
can be to any base. Hence, the logarithms of a number to base b is the power to
which b must be raised to give the number. Thus, the logarithms of a number
to base 10 is the power to which 10 must be raised to give the number.

Formulae connecting logarithms

1. log,p + log, q = log, pq
2. logap — log, q = log, 2
3. log, p™ = mlog, p

4. log,q = @

_ log, g
5. log, q = g

of base formula

where a is any positive integer. This is called the change

12



The proofs of the above are trivial and so left as exercise.

Note: log,a™ =m and log,a = 1.

As illustration of the above formulae, we consider the following examples.
Example 37 Fvaluate (a) logs27 (b) log1 9 (c) log,2y.

Solution 38 (a) log;27 = log;33 = 3logy3 = 3.
-2

(b) logy9=logy 3* =log; (3) ~ = ~2logy 5 = -2
(©) Toiy = log (1)} = Hloge 47 = 1
Example 39 FEvaluate (a) logg12 (b) logs 24 (¢) log. 35.

Solution 40 (a) logs12 = TEZ — LOT8 — 1387

1 24 .
(b) logy24= PEoil— 13302 _ 9893

(¢) log; 35 = HEWL — L4 — 1.827 =~ 1.83

Example 41 Solve the equation
1. 3* =17.83
2. logs x +log, 3 = 2.5
3. 4% —52"+4=0.

Solution 42 1. 3* =17.83
Take the log on both sides to base 10,we obtain

log,;3* = log;;7.83
zlogip3 = logy7.83
log;, 7.83
logyo 3
0.8938

0.4771
= 1873 =1.87

xr =

2. logsx+log,3 =25
Let p =logs x, then we have

1+ 5
p P T2
2
P 2
22 —Bp+2 = 0
2p—-1)(p-2 = 0
p = 207’



But p =loggx = z = 3P.

Case 1: When p =2, then © =32 =0.
Case 2: When p = %, then © = 3% = /3.
Hence the solution is © = 9 or v/3.

3.

47 —52% 44 =
(22)" — 527 + 4
(27)2 =527 +4 =

Put y = 2%, then we have

y? — by +4 0
y-—4Hy—-1 = 0
y = 4 or 1l

But y = 2%, so when y = 4, we obtain 22 =27 =z =2
Also when y = 1, we obtain 2° = 2* = ¢ = 0.
The solution is x = 2 or 0.
Example 43 Show that
2logyy 6 + 3log 2 = log( 288

hence show that

(logy 6 4+ 3logyg2) .

N =

logy 17 =

Solution 44 Observe that

172 289 = 288.
logy 172 logy 288 = 2log; 6 + 3log;, 2
2logy17 = 2log;, 6+ 3logy,2

12

Diwvide through by 2, we obtain

(logyp 6 + 3logy2) .

N —

log,( 17 =

which is required.

14



MTS101 LECTURE 4: MATRICESAND MATRIX ALGEBRA
DEFINITION

A matrix is arectabgular array of the elements of afield (i.e. on array of numbers). Thusif m, n

aretwo positive integers > 1 and Fisafield (R or C) then the array:

& an a2 aln\
o1 2 Son
am1 am2 - Smn
o _/
iscaled an mx n matrix in F (since it contains m rows and n columns)
Itsfirstrowis (ayr a2 ... ayn) and first columniis (&)
A2
 8my)

The numbers that constitute the matrix are called its ELEMENTS.

Let a; denote the element of the matrix in the i™ row an j™ column. Then for ease of notation we

can denote our mx n matrix by

(&) i=12,....n j=1,2,.....mor simply by capital letter Amxn
Order
The order of amatrix isthe no of rows and columns e.g (&;) is of order mx n.
If m=n, then the matrix is called a SQUARE MATRIX of order n.

Definition 2: Row and Column M atrices



A rectangle matrix consisting of only a single row is called a ROW MATRIX e.g. (1,2,3,4).
Similarly, arectangle matrix consisting of asingle columniscaled aCOLUMN MATRIX e.g.

e 3

3

5

4

~ 7

Definition 3: Null Matrix
Thisisamatrix having each of itselements= 0 e.g [O 0 0
0 0 O

Definition 4: Diagonal Element, Diagonal Matrix

The elements a; of a matrix (&;) are caled its DIAGONAL ELEMENTS (or elements of the
main diagonal)
1 2 3

4 5 6],311:1,8-22:5, ax=9
7 8 9

eg.

A sguare matrix in which all the elements other than the diagonal elements are zero is called a
DIAGONAL MATRIX.

~
(" dy 0 0 0 0 ) 10 00
0 d, 0 0 ... 0 0500
Viz = 0 0 ds 0 — 0 eg. |0 0 9 0
- - — - — 0 00 0 6
- J
0 0 0 0 —
\_ ,

Such amatrix is denoted (dl dz, ey dn) or (di, dik) forI, k=1,2, ...n where d;jj=1, dk=0 (i ;ﬁk)



NB: Itsdiagonal elements may aso be zero

[0 00 10 0 10 0
eg. i. [8 8 8] i [0 0] i [0 )

are diagona matrices.
Definition 5: Scalar and Scalar Matrix

A diagona matrix where diagona elements are al equal iscaled a SCALAR MATRIX.

100 [0 0 0
eg. [ ] [o 1 0 [o 0 0]

0 5
001 loo o

Definition 6: Identity Matrix (or Unit Matrix)

A diagona matrix whose elements are each equal to 1 is called and IDENTITY MATRIX. It is
denoted In (or 1)

eo o 1]

Definition 7: Symmetry

A square matrix where elements are arranged symmetrically about the main diagona is called a
SYMMETRIC MATRIX.

e.g.

Q@ > Q
~N S
a wQ

On the other hand, if for a square matrix, there is no symmetric about the main diagonal but for
every element g; on one side of the main diagonal, there is a corresponding — &; on the other
side, then the matrix isa SKEW-SYMMETRIC MATRIX.

Furthermore, the diagonal elements are al zero



eg. 0 1 2 3
0 h g
10 Y 2| - |-~ 0 Ff
-9 —f 0

Definition 8: Triangular matrix

A sguare matrix whose elements a; are al zero whenever i < j is called a LOWER
TRIANGULAR MATRIX.

A square matrix whose elements a; = 0 whenever i > j is called an UPPER TRIANGULAR
MATRIX.

Hence, adiagona matrix is both upper and lower matrix.

1 0 1 0 O
eg. ] 2 4 0|, - Lower Triangular Matrix
2.0 3 3 2
(3 4 2 .
1 . .
0 1 /2, IO /Zl, —  Upper Triangular Matrix
0o 0 3/, 0 3

MATRIX ALGEBRA

Equality of Matrices

A and B areequal if

i they are of the same order

ii. their corresponding elements are the same



Addition of Matrices

If A and B are of the same order, the their sum is a matrix C of the same order whose e ements

are the sums of the corresponding elements of A and B.

=C=A+B
_[311 Q12 13 bi; by by
A= [321 azz a23]’ B by by bas
Cik = a + bix i=1,2, oo, m, k=1,2,................ n
* Only matrices of the same order can be added.

Properties of Matrix Addition

i Matrix addition iscommutative—= A +B=B+A

ii. Matrix additionis Associative= (A+B)+C=A+(B+C)

ii. If Oisanull matrix of the sameorder asA,theA+0=0+ A=A

iv. To each A there existsamatrix B of thesameorderst A+B=0=B+A

(i) — (iv) = Matrix additionis Abelian

Exercise 1.

Find the sum of these matrices and establish their Commutativity
. 1 2 4 -3 .. 1 2 0

i _3 3] and [7 5] ii. 0 O] and [2
Exercise 2:

Establish the associativity of the following matrices

1 3 5 1 0 3 2 1 4
i 7 9 1, [0 4 5 3 0 6

3 5 7 7 0 6 2 5 4



Exercise 3:

Establish the order of each matrix 1,2 and 4 and find the a;, a1, etc what are the diagonal

elements.
Exercise 4:

Which of the following matrices are (i) Triangular Matrices, (ii) Unit Matrices (iii) null matrices

and Scalar matrices.

0 0 0 1.0 0 10 0 00 2

i 0o o0 ol i o1 0| ii. |51 0 iv. lo o 1
0 0 0 00 1] 6 2 0 12 0
_ 2 0 0] _ 1 2 3

v. g 8] vii o 2 o Vvii g g] vii. |0 0 4
: 00 2 ' 0 0 5
0 1

IX 1 O]

Exercise5:

i IfA:LlL é g] Find aMatrix B suchthat A + B =0

y 25 8 =2 -5 —8]-

i tA=g o cJadB=[T; 70 T/|FindA+B

Multiplication by Scalar

LetA =(a;) i=1,2,3,....m be amatrix, j=1,2,3,...n
And Let o be a scalar (i.e. any number), then oA = C = (Cj)
Where aajj =Cjj i=1,2,....m, j=1,2,....n

Example



If [al a2 a3 — 4‘31 4‘32 4‘33
b1 b2 b3 4‘b1 4b2 4b3

Properties

If A,B are matrices and a,[3 are scalars, then

I a(A+B) = aA+ap
ii. (a+B)A = oA+ B
iii. (afp) A = a(BA) Examplesto be givenin class

DIFFERENCE OF TWO MATRICES
If two matrices A and B are of the same order, then the difference A -B=A +(-B) = A + (-1)B
Exercise 6:

i For Exercice (2) above, find (A -B) + C

i A-B-C i. 2A+3B iv. A+2B+Y,C
Exercise 7:

1 0 2
IfA=]2 3 4|andB=

3 1 2

i. Find amatrix C such that A + C isadiagonal matrix.
ii. Find amatrix D such that A + B = 2D.

iii. Find aMatrix E such that (A + B) + E is zero matrix.

MULTIPLICATION OF MATRICES

The product AB of two matrices exist if the number of columns of A = the number of rows of B.



eg. [a b]xp d F]:[ap+bx aq+by ar+bz

c d X 'y z cp+dx cq+dy cr+dz
Since A,y and Boys i€, no. of column of A = no. of rows of B, then AB exist.
b11 TR blq
_ all e aln _ . .
LetA—[ ]ofordermxn andB =| : : | ofordernxq

ami - Amn
by1 .. bpg

Then AB isthe matrix

C = [C“ “a] of order mx q
Cmi Cmq

in which the element C;; is the sum of products (term by term) of elements of i row of A
and the j™ column of B. Thus for the matrices A = (ay), B = (by), the product AB is matrix
C=(Gy

where Cjj = Yy _1 by

* Multiplication is possible if no. of column of the first matrix = no. of rows of the second
matrix.

Example:

If A=

2 5 3 1 2 1
0 2 1]andB:[3 -5 0] Find (i). AB, (i) BA (iii) A? (iv) 5B?
-1 0 4 0 2 6
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Complex Numbers

In order to solve equations such as

24+1=0

or

22+ 22+8=0



which have no root within the system of real numbers,the number system
was extended further to the larger system of complex numbers.

By definition, a complex number is any number x that can be expressed in
the form o = a +ib where a and b are real and i2 = —1.The symbol C is used
to denote the system of complex numbers. a is referred to as the real part
and b the imaginary part of a + ib. Note that the complex numbers include
all real numbers. The real numbers can be regarded as complex numbers for
which b is zero.

In C, the solution of the equation
?+1=0
is then x = +v/—1ie z = +i
Algebra of complex Numbers

Let x = a + b and y = c + id be two complex numbers:

Equality of complex numbers: = and y are equal if their real and imagi-
nary parts are equal i.e a =cand b =d

Addition and subtraction of two complex numbers:

The sum of z and vy is defined as a complex number z = z+y = a+ib+c+id =
a+c+i(b+d)

Also,

w=r—y=a+ib—(c+id)=a—c+i(b—d)

Multiplication:



X y=(a+1ib) x (c+id) = ac+ i*bd + ibc + iad
= ac — db+i(bc + ad)
Division:

© _ atib _ (atib)(c—id)

y ctid — ctid)(c—id)
(ac + bd) + (bc — ad)i

24 d?
ac+bd bec—ad.
= 7
cA+d? 24 d?

Conjugate complex number:
T = a — 1b is called the conjugate of x.

we have

T+ 7T =2a
T —T = 2b
2T = a’ + b?

Example: Express in the form a + b

I 24+4)+(B5—21)=74+2i
2. (1—-8)—(7T+2i))=(1—-T7)+(-8—2)i=—-6—10:

2+3i
3. 3+21

— 2430y 3-2i

3+21 3—21

6+6

0944

3

9—-4.

!
9+4



B3
N 1-3i _ 1 3.
4. (1+3)~" = 53— 143 X 1=8i 10 _ 10%

5 (I = () =3 4

6. 23 4 2 _ 2i-342(4it5)

Ci(A—m T q T —4+5i

22 _ 755

41~ 41
Note:

it=ixi?=—i
it=1
=10, =—1,i{"=—i

and so on.
Example:

Find the solutions of the equation 422 + 5z + 2 = 0 in the form a + 3.

Solution:
T = 75i8\/?7
5
_ 3
8 8
or



Example:

Factorize a? + 3b* as a product of two complex numbers.
Solution:

a® + 3b? = a® + (bV/3)?

= (a4 ibV/3)(a — ibV/3)

The Argand Diagram

A complex number of the form z = x+iy is specified by the two real numbers
x and y.The complex number z may then be made to correspond to a point
P with ordered pair of values (z,y) as the co-ordinates of the point P on the
plane.

r is known as modulus of the complex number z and is written as |z| or modz
r=lz] = lr+iyl = Va?+y?

2z = (v +iy)(z —iy) = 2% +y* = |2

The diagram which represents complex numbers is known as Argand diagram
or Argand plane or complex plane.

The angle o between the line OP from the origin to the number and the

x-axis is called the argument or amplitudes of the number z.

From the diagram,

T = Trcosa,y = rsinq

Yy
2 2 2 — tana
T



o =argz = tan™!

SHES

Since on the circle, a 4 2II for any integer n,represent the same angle, it
follows that the argument of a complex number is not unique such that
—II < Arg(z) <IL

The complex number z can therefore be written as z = x + iy = rcosa +
irsina = r(cosa + isina), —II < a < II.

which is called the modulus-argument form or polar form or trigom=nometric
form of the complex number z.

Let z; = ri(cosby + isinfy) and Zy = re(cosby + isinfy) be two complex
numbers. Then,

2129 = 1112(c0s0; + isinby)(cosbs + isinbs)

= r11a[(coshicosby — sinbysinby) + i(sindicosby + cosbysinbs)]
= rirafcos(0y + 63) + isin(0; + 65)] (%)
Therefore
|2122] = 117y = |21 22
and
arg(z1z9) = 0105 = argz, + argze

Thus when complex numbers are multiplied,their moduli are multiplied and
their arguments are added.Also,

2 r1(cosh; + isinby

2 1a(costy + isinds)

6



ﬁ[cos((‘)l —0y) +isin(6; — 6s)]

T2
21, T
T T
arg(?) =6, — 0y = argz — argze
2
Example: Find the moduli and the arguments of the following complex

numbers.

1. 71 —2
Solution:

7i — 2| = VT2 +22 = /53 = 7.28
arg(Ti — 2) = tan~'(5) = 105.9°

2. (7i —2)(3 + 4i)

Solution:

(7i — 2)(3 + 44)| = |13i — 34]

= /342 1 132 = /1325 = 36.40

arg((7i — 2)(3 4 4i) = arg(13i — 34) = tan™*(F2) = 159.1°

7i—2
3. 3+44

Answer: 1.456,52.8°
4. ()

Answer: 2,12,105.6°




Example: Describe the locus of a complex number z which satisfies |z —2| =
3|z + 21|

Solution:

Put z = x +4y. Then

|z — 2|? = 9]z + 2i|?

(& = 2) +iyl* = 9z +i(y + 2)|*

(v — 2 442 = 9la® + (y + 2

81?2 + 8y* +4x + 36y +32=0

Pyt ir+iy+4=0

4P+ D=4+ G)+ (G =1

—2) and radius 2v/2

Locus is a circle,with center (—1,

De Moivre’s Theorem

In general, if there are n complex numbers 21, 25, ..., 2, with moduli ry, 79, ...r,
and arguments 61,05, ..., 0,, respectively, repeated application of equation (*)

yields
212920 = T1..1[cos(01 + 0o + ...+ 0,) +isin(0; + 05 + ... + 0,,)]

In particular if

21 =R =..=2,=2 (say)

r=ry=..=T,=T1 (say)



and

0, =0,=..=0,=0 (say)
then we have
2" = r"(cosnf + isinn)
le
2" = [r(cost + isinf)]"
= r"(cosnb + isinnd)

|2"] = |2|", arg(2") = narg(z)

In particular,if r = 1 we get Demoivre’s theorem
(cosf + isinf)"™ = cosnb + isind

for any positive integer n.
This result is also valid when n is any negative integer.Suppose n is a negative

integer, say —m where m is a positive integer.Then

(cosf +isinf) ™™ = ! "= !
~ cosf) +isind’ (cosO + isinf)m

(cosm@ + isinmf) ™' = cosmf) — isinmb
= cos(—m)0 + isin(—m)6

which shows that Demoivre’s theorem is valid when n is any negative integer.
Example: Express cos30 and sin3f in terms of powers of cosf and sinf

respectively.



Solution:

By Demoivre’s theorem we have
0530 + is5in30 = (cosd + isinf)>

= c05°0 + 3cos®0(isind) + 3cosh(isind)? + (isind)®
= c05°0 — 3sin*0cosl + i(3cos*0sind — sin’0)

The real part of this expression then gives
c0s30 = cos>0 — 3cosbHsin’6

But

sinf =1 — cos®6

Therefore

c0s36 = cos*0) — 3cosh(1 — cos*)
= 08>0 — 3cos + 3cos>0
4c0s30 — 3cosb

and the imaginary part gives
5in30 = 3c0s620sinf — sin>0
= 3sinf(1 — sin®0) — sin®0
= 3sinf — 3sin’0 — sin®0
= 3sinf — 4sin>0

10



Example: Show that if z = cosl + isinf and m is a positive integer then
2™+ %m = 2cosmb
Solution:

z = cost + isinb

2™ = (cost + isind)™ = cosmb + isinm@  (Demoivre’stheorem)

27" = cosmbf — isinmb

2™ 4 27" = 2cosmb

Example:
1 1 1 1 1 1
(z4 =) =25 + 524 = +102%. — + 1022 = 4+ 52.— + —
z z 22 z3 LA
10 5 1
=245 +10z+ —+ 5 + =
z oz z
(2 ) 455 4 5) + 10(z + 1)
=(z4+ — 2+ — A
25 23 z
= 2c0850 4+ 2 X 5cos36 + 2 x 10cosh
= 2¢0s50 + 10c0s36 + 20cosf
Example: Evaluate z® where z = 1 +iv/3
Solution:
Writing z in the modulus-argument form we have r = |z| = V4 = 2 and

argz = tan~'/3 = %

That is
IT IT

z= 2(cos§ +isin—)

3

11



Therefore
IT IT

8 _ o8 i 118

2 (cos 3 + isin 3)

By De Moivre’s Theorem this becomes
8II 8II
2= 28(005? + zszn?)

= 256(—0.5 + 0.8661)

= —128 + 221.703:

Example: Factorize into linear factors 422 + 4(1 + 1)z + 1 + 2i

Solution:

1
422 +4(1+ i)z +1+2i=4(2 + (1 +4)z + 1(1—1—21'))

First solve
1
z2+(1+i)z+1(1+2i)20
1
azl,bzl—i—’i,c:i(l—i—Qi)

—1 ik J(1+0)2 — (1+2i)

z =
2
1oityo1 1
! = —(=1,—i+4)
2 2
__1
2
or
1
———1
2

1 1
= 422+(4(1+z’)z+1+2i:4(2—1—5)(2—1—54—2')

12



Roots of Complex Numbers

Let 2™ = a, n a positive integer and « a complex number ()
Theorem: (Fundamental theorem of algebra)

Every polynomial of degree at least one with arbitrary numerical coefficients
has at least one root which in the general sense is complex.

Consider (**), we have

2" = o = r(cosb + isinh)

so that

z =r1,(cosl, +isinb,)  provided —«a#0

Then by De Moivre’s theorem
ri(cosnb, + isinnb,) = r(cos + isind)

That is
z = a,r’ =r,nb, =0+ 2kl

Thus r, is the positive nth root of r and 6, = ei% has n values for k =
0,1,...,n — 1 all distinct,since increasing k by unity implies increasing the
argument by %

The n distinct solutions of (**) are given by

0 + 2k11 0 + 2kI1
:Z:T%(COS;—F’L.S”’L;) ]{?:O,l,.-.,n_l (***)
n n

3=

(@)
which are n distinct values of (o)w

13



Roots of Unity

A particular example of (**) is when o = 1, that is if 2™ = 1,n is a positive
integer. The roots of the equation are called nth roots of unity.Since
1 = cos0 + 1stn0

then by (***),the nth roots of unity are given by

2k11 2k11
1n = (cos—— +isin—),k=0,1,...n —1
n n

Taking k& = 1,the root of unity being a complex number and denoted by w

is given by
211 210
W = cOS— + 181n——
n n

Example: Find all the cube roots of —8

Solution:

V—8= \3/8(0051_1 + isinll)

IT + 2FI11 IT + 2FI11
= \3/§(003+3 + isin+3

Therefore for

IT IT
=0,20 = 2(cos§ + wmg) =1+iV3

k =1,z = 2(cosll + isinll) = —2
oIl oIl
k=2 z= 2(003? + zsm?) =1—iV3
Example: Solve z* 4+ 4/3 = 4i

Solution:

14



A A3 =4i = A =4i—4V3

= = 8(003E + zsm5—7r)
6 6
Hence using De Moivre’s theorem
z= éafx{cos?z%H + ismw} k=0,1,23
The four roots are
k=0:z = 8411(00521;1I + zsmzlz)
k=1:2z = 8411(0081;{I + isinlgf
k=2:2z= 8‘1(60822911 + ZS’Ln229iI) =%
k=3:2z = 8‘11(00842141_[ —i—isinézlf =7

READING LIST:

1. S. A. Tlori, D. O. A. Ajayi, Algebra textbook,Y-Books, 2000.

2. A. Jeffrey, Advance Engineering Mathematics, University of News castle-
upon-Tyne,2002. 3. A. Jeffrey,Engineering Mathematics,5th edition, 2001.
4. M. R. Speigel,S. Lipschutz, J. J. Schiller, D. Spellman, Complex vari-
ables with an introduction to conformal mapping and its applications,2nd

edition,2009.
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COURSE: MTS 101 ALGEBRA

COURSE UNIT: 3 UNITS
COURSE LECTURER: AGBOOLA A.A.A. [PHD]

COURSE CONTENT: Sets and Binary Operations
1. Elementary Theory of Sets
1.1 Introduction

The concept of set is fundamental in mathematics. A set is a well defined class of objects, such
as the set of prime numbers, the set of points on a line, the set of mathematics teachers in a
school and so on. The objects making up the set are called the elements, or members of the set.
The elements of a set must have some characteristics in common, that is, we must be able to say
precisely whether or not an object is a member of a given set. Sets are generally represented by
upper case letters A,,B,C,... and their arbitrary members by lower case letters a,b.c,...

If X is a set and x is an element of X, we say that x belongs to X, and we write z € X. If x
does not belong to X, we write x ¢ X. Given a set X and a statement p(x), there is a unique
set Y whose elements are precisely those elements = € X for which p(x) is true. In symbols, we
write

Y ={x € X : p(x) is true}.

A set X is said to be finite if it has no elements, or if it contains countable number of distinct
elements and the process of counting stops at a certain number, say k. The number k is called
the cardinality of X, and we write n(X) = k. when k = 0, set X is said to be empty and X is
called a null or a void or an empty set which is denoted by ). A set whose elements are not
countable is otherwise called an infinite set.

Definition (1.1.1) Let X and Y be sets. X is said to be a subset of Y if every element of x is
an element of Y; that is, if

zeX=>xeY.

If X is a subset of Y, we write X C Y. If Y contains some elements which are not present in
X, we say that X is a proper subset of Y, and we write X C Y. The following statements are
evident:

(i) 0cX.

(ii) X C X.



(i) f X CY and Y C Z, then X C Z.

(iv) X =Y ifandonlyif X CY and Y C X.

The statement given by (iv) is very important: the equality of two sets is usually established by
showing that each of the two inclusions is valid.

The term universal or reference set is sometimes used for a set that contains all other sets in a
given context and it is represented by Z.

The following sets frequently appear in mathematics:

N = {x:xis anatural or counting number, 1,2,3,4,...}
Z = {x:xisan integer,...—3,-2,-1,0,1,2,3,...}
Zt = {z€Z:2>0}
2T = {zeZ:2<0}
Q = {x:xis arational number, z = %,a,befib;éO}
Of = {reQ: x>0}
Q = {reQ:x<0}

R = {x:xis areal number}

The symbols representing each of the sets should be noted carefully and also it should be observed
that
NCZCQCR.

Definition (1.1.2) Let X and Y be subsets of a reference set Z.
(i) The union of X and Y, written X UY, is the set

XUuY={ze€Z:2€X or zeY}
(ii) The intersection of X and Y, written X NY, is the set

XNY={rxeZ:2€X and ze€Y}.
(iii) The difference of X and Y, written Y — X, is the set

Y-X={zeZ:z€Y and xz¢& X}

If X CY, then Y-X is called the complement of X with respect to Y. This is denoted by X’ or
X¢ X and Y are said to be disjoint if X NY = (). It should be noted carefully that when z € X

or x € Y, it means that x belongs to at least one of X, Y and when z € X and y € Y, it means

2



that x belongs to both X and Y. The following two statements are immediate:

(i) For any two sets X,)Y, XNY C X C X UY.

() fXCcWandY C Z,then XUY CWUZand XNY CWnNZ.

The formal properties of the operations U and N are given in the following theorem.
Theorem (1.1.3) Let X, Y, and Z be sets. Then

(i) XUX=XNX, VX [idempotent]

(i) XUY=YUXand XNY =Y NX [commutative|

i) XUYuUuZ)=(XuY)UZand XN(YNZ)=(XNY)NZ  |associative]

(iv) XNYUuZ)=(XNnY)u(XNZ)and XU(Y NZ)=(XUY)N(XUZ) [distributive]
Proof:The verifications of (i)-(iii) are easy. To establish (iv), let

reXNYUZ) & z€X and ze€(YUZ)
& zeX and [zre€Y or z€Z]
& [z€eX and z€Y] or [x€X and xz€ 7]
& rze(XNY) or ze(XNZ)
S rze(XNY)U(XnZ).
Also, let

reXuU(Ynz) reX or ze(YNZ)

-~
& zeX or [reY and ze€ 7]

& [reX or z€Y] and [zr€X or z€ ]
& rze(XUY) and ze€(XUZ)

& re(XUY)N(XUuZ).

Theorem (1.1.4)[De Morgan] Let X and Y be subsets of a universal set Z. Then
(i) (XUuY)=XnYe

(i) (X NY) = XcuYe

Proof: (i) Let

re(XUY) & z€Z and z¢(XUY)
& r€Z and [z ¢X or z¢Y]
& [reZ and x¢X| and [r€Z and z¢Y]
& reX® and zeY©
& ze (XnYo).



(ii) Also let

re(XNY) & z€Z and z&(XNY)
& ze€Z and [z¢ X and z Y]
& [r€Z and ¢ X| or [x€Z and z¢Y]
& reX® or zeY©
& e (XUuYe.

It is sometimes helpful to illustrate union, intersection, difference and complement of sets by
means of Venn diagrams. Circles or ovals are drawn to represent the sets which are enclosed
within a rectangle representing the universal set. Venn diagram is a useful tool in establishing
basic and simple idenntities involving sets and also in solving two-set and three-set problems.

Theorem (1.1.5) Let X, Y and Z be finite sets contained in the universal set Z. Then XUY UZ

is finite and
n(XUuYUZ)=n(X)+nY)+nZ)—n(XNY)—n(XNZ)—n(YNZ)+n(XNYNZ).

Proof: Suppose that X, Y and Z are finite sets contained in the universal set Z. Obviously,

X UY UZ is finite and Z2 = X UY U Z. From the venn diagram, we have

n(Z) = n(XUYUZ2)
= a+btct+dte+f+yg
= (a+b+c+d)+(ct+td+e+f)+(b+d+f+9)
—(c+d+b+d+ f+d) +d
= (a+b+c+d)+(c+d+e+f)+(b+d+f+g)
—[lc+d)+(b+d)+ (f+d)]+d
= (a+b+c+d)+(c+d+e+f)+(b+d+ f+g)

—(c+d)—(b+d)—(f+d)+d

4



= nX)+nY)+n(Z)—n(XNY)—n(XN2Z)
—nYNZ)+n(XNYNZ)
therefore n(XUY UZ) = n(X)+nY)+n(Z) —n(XNY)

—n(XNZ)—nYNZ)+n(XNYNZ) (1)
If Z =10, (1) reduces to
n(XUY)=n(X)+nY)—n(XNY) (2)
Also if X and Y are disjoint, that is, X N Y = (), then (2) reduces to
n(XUY)=n(X)+n(Y) (3)

Equations (1) and (2) are very useful in dealing with three-set and two-set problems respectively.
1.2 Worked Examples

Example (1.2.1) If A| B and C are subsets of the universal set Z, represent the following sets
on venn diagrams:

(a) (AUB)N(AUCQC);

(b) (ANB)U(ANC);

(c) AU (BNC);

(d) An(BUCQ).

What do you notice about:

(i) (a) and (c) ? (ii) (b) and (d) ?

Solution:

Example (1.2.2) The universal set Z is the set of all integers. A,B and C are subsets of Z



defined as follows:

= {...,—6,-4,-2,0,2,4,6,...}
= {z:0<2<9}

= {z:-4<2<0}

(a) Write down the sets A’, where A’ is the complement of A with respect to Z.
(b) Find BN C.
(¢) Find the members of the sets BUC, AN B and AN C and hence show that

AN(BUC)=(AnB)U(ANC(C).
Solution: (a)

A= {x:zx€Z and z¢ A}
= {...,—7,-5-3,-1,1,3,5,7,...}

B = {z:0<z<09}
= {0,1,2,3,4,5,6,7,8,9}
C = {r:-4<2<0}
= {-3,-2,-1,0}
BnC = {0}

BUC = {-3,-2,-1,0,1,2,3,4,5,6,7,8,9}
ANB = {0,2,4,6,8}
ANC = {-2,0}
(ANB)U(ANC) = {-2,0,2,4,6,8}
AN(BUC) = {-2,0,2,4,6,8} = (ANB)U(ANC).

Example (1.2.3) In a certain class, 22 pupils take one or more of Chemistry, Economics and

Government. 12 take Economics (E), 8 take Government (G) and 7 take Chemistry (C). Nobody
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takes Economics and Chemistry and 4 pupils take Economics and Government.

(a) (i) Using set notation and the letters indicated above, write down the two statements in the
last sentence

(ii) Draw a venn diagram to illustrate the information.

(b) How many pupils take

(i) both Chemistry and Government ?

(ii) Government only 7

Solution: (a) (i) Nobody takes Economics and Chemistry :
ENnC=0= n(ENC)=0.
4 pupils take Economics and Government:
n(ENG)=4.

(ii) Since ENC =, it follows that ENC NG = 0.
Given that n(F UG UC) = 22, we have

8+4+4—ax+x+7—x = 22

e 1 = 1.

(b) From the venn diagram, we have that
(i) One pupil takes both Chemistry and Government.
(ii) Three pupils take Government only.
Example (1.2.4) A school has 37 vacancies for teachers, out of which 22 are for English Lan-
guage, 20 for History and 17 for Fine Art. Of these vacancies 11 are for both English Language
and History, 8 for both History and Fine Art and 7 for English Language and Fine Art.

Using a venn diagram, find the number of teachers who must be able to teach:

(a) all the three subjects;



(b) Fine Art only;
(c) English Language and History, but not Fine Art.
Solution: Let English Language, History and Fine Art be represented by E; H and F respectively.

From the given data we have

) = 37
n(ENH) = 11

)

)

Let n(EN HNF) = x, then

n(EUHUF) = 4424+ 7—ax4+zx+1l—-ax+1+2+8—2x+2+2=237

= 33+x = 37

e T — 4.

It is clear from the venn diagram that

(a) 4 teachers must be able to teach all the three subjects.

(b) 6 teachers must be able to teach Fine Art only.

(c) 20 teachers must be able to teach English Language and History, but not Fine Art.
Example (1.2.5) (a) In a certain school, 3 teachers teach Further Mathematics and 6 teach
General Mathematics. If there are 7 Mathematics teachers in the school, how many of them
teach both Futher Mathematics and General Mathematics 7

(b) A newsagent sell three papers, the Guardian, the Punch and the Tribune. 70 customers buy
the Guardian, 80 the Punch, and 90 the Tribune. 20 buy both the Guardian and the Punch, 25
the Punch and the Tribune, and 30 the Guardian and the Tribune. If 15 customers buy all the
three papers, how many customers has the newsagent?

Solution: (a) Let F and G represent the sets of Further Mathematics and General Mathematics
teachers respectively. From the given data we have n(F) = 3,n(G) = 6,n(F UG) = 7. We are

to find n(F N G). Using the formula for a two-set problem, we have

n(FUG) = n(F)+n(G)—n(FNG)
= 7 = 3+6-n(FNG)
oo n(FNG) = 9-7

= 2.



Hence, 2 teachers teach both Further Mathematics and General Mathematics.

(b) Let G, P and T represent the set of customers who buy the Guardian, the Punch and the
Tribune newspapers respectively. From the given data we have n(G) = 70,n(P) = 80,n(T) =
90,n(GNP)=20,n(PNT)=25n(GNT)=30and n(GNPNT) =151t is required to find
n(GUPUT).

Using the formula for the three-set problem, we have

n(GUPUT) = n(G)+n(P)+n(T)—n(GNP)—n(PNT)—n(GNT)+n(GNPNT)

= 70 +80+90 —20—25—-30+15

= 180.

Thus the newsagent has 180 customers.
The information is represented in the venn diagram below.

Example (1.2.6) If A and B are subsets of the reference set X, use set theoretic argument to

show that:

(a) (A9)" = A4,

(b) X —A°=XnNA,

(c) AU(A°NB)=AUB,
(d) An(A°UB)=ANB.
Solution: (a) Let

r€ (A & xgA°

& e A

o0 (A9

|
>

(b) Let
re(X—-—A) & ze€X and zgA°
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&S e X and zc€ A
S reXnNA
e X —A° = XnNA.

(c) Let

re€AU(A°NB) & z€A or z€(A°NB)

& r€A or [xr€A° and =z € B
& v€eA or veEB

< e (AUB)

¢ AU(A°NB) = AUB.
(c) Let

re AN (A°UB) reA and ze€ (A°UB)
re€A and [xre€A° or z€ B]

€A and z € B

t ¢ ¢ ¢

r € (AN B)
e AN(A°UB) = ANB.

1.3 Self Assessment Problems

(1.3.1) If A, B, C are subsets of X such that

X = {a, 8,7\, 0,w, 7,1, v}
A = {a,B,\0,w, 7,1}
B = {o, 8,7\ w,u}
¢ = {87 w u}
Find:
(a) A’
(b) B’
(c) C'
(d) AN B AC
(e) AnNB'NC’

10



(f) AnBNC
(g) AnBNC
and show that
(i) (CUB)NA=(CNAYU(BNA)
(ii) (CNB)UA=(CUA)N(BUA).

Answer:

A = {0}

B = {4,0,7,v}

C' = {a,9,0,7,v}
ANBNC = {}=0
ANBNC = {0,7}
ANBNC = {}=0
AnNB'nC = {Y,v}

(1.3.2) The universal set Z is the set of all integers and the subsets P, Q, R of Z are given by

= {x:2<0}
= {...,=5,-3,-1,1,3,5,...}
R = {z:-2<z<T7}
(a) Find QN R
(b) Find R’ where R’ is the complement of R with respect to Z.
(¢) Find PPN R'.
(d) List the members of (PN Q).
Answer:

QNR = {-1,1,3,5}

R = {..,—7,-6,—5—4,-3,7,8,...}
PNR = {7,8,910,...}
(PNQ) = {..,—6,-4,-2,0,1,2,3,4,5,6,...}

(1.3.3) In a survey of 290 newspaper readers, 181 of them read the Daily Times, 142 read
Guardian, 117 read the Punch and each reads at least one of the three papers. If 75 read the
Daily Times and the Guardian, 60 read the Daily Times and the Punch and 54 read the Guardian

11



and the Punch.
(a) Draw a venn diagram to illustrate this information.
(b) How many readers read

(i) all three papers,

(ii) exactly two of the papers,
(iii) exactly one of the papers,
(iv) the Guardian alone ?

Answer: (a) (b) (i) 39 (i) 72 (iii) 179 (iv) 52

(1.3.4) After the registration of 100 freshmen, the following statistics were revealed: 60 were
taking Mathematics, 44 were taking Physics, 30 were taking Chemistry, 15 were taking Physics
and Chemistry, 6 were taking both Mathematics and Physics but not Chemistry, 24 were taking
Mathematics and Chemistry, and 10 were taking all three subjects.

(a) Show that 54 were enrolled in only one of the three subjects.

(b) Show that 35 were enrolled in at least two of them.

(1.3.5) Of a sample of 1000 students surveyed at the end of a term, 100 had applied for Lagos
University, 80 for Ife, 75 for Benin, 30 had applied for Lagos and Benin, 20 for Lagos and Ife, 15
for Benin and Ife, and 5 had applied for all the three universities. Show that

a) 195 had applied for at least one of the universities.

b) 805 had not applied.

(
(
(c) 55 had applied for Lagos only.
(d) 35 had applied for Benin only.

(e) 50 had applied for Ife only.

(1.3.6) A, B, C are subsets of a universal set X. Show that:
(a) AU(ANB)=A=AN(AUB)

(b) (AUB)N(AUB)=A

() AU(BNC) £ (ANB)UC

12



(1.3.7) A, B, C are subsets of a universal set X. Show that:
(a) (AUB) =A'NB

(b) (AnB)=AUDB

() (4) = A

Hence or otherwise, show that

(d) (AuB)Y=AnNB

(e) (AANB)Y =AUDB

) (AuB)Y=ANB

(g) (ANnBY=AUB.

(1.3.8) A, B, C are subsets of a universal set X. Show that:
(a) ( A—B)U(B—A)=(AUB)— (AN B)
(b)(A—B)—(A-C)=ANn(C - B)
(c)(A—B)UA-C)=A—-(BnC(O)

( N A—(BUC).

N
|
3
I

2. Binary Operations
2.1 Introduction

Due to our familiarity with the four basic arithmetic operations of addition, subtraction, mul-
tiplication and division, if we are asked to add 2 and 3, our answer will be 5 and not 1 which
could have been if we are to add in modulo 4. This shows that our answer depends on the rule
of combination of the numbers involved.

A binary operation is said to have been performed if two elements of a set are combined accord-
ing to a well defined rule to produce another element of the set. For example, 2,3 € AN and
2+ 3 =5 € N. Binary operations are often denoted by the symbols @, ®,0,V, o, * and so on.
Example (2.1.1) A binary operation * is defined over R the set of real numbers by

rTxyYy=x+Y+ Y.
(a) Evaluate:
(i) 2%3 (i) 3%2 (i5) 2% (3% 4) (iv) (2%3) % 4.
(b) Solve the equations:
(1) zx3=19 (i7) (x*3)+ (2%z) =40 (1i1) xz*xx =48.
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Solution: (a) (i) Given that z xy = z + y + 2y, then

2%3 = 2+3+2x3
= 546

= 11.

3%2 = 34+24+3x2
= 546

= 11.
(iii)
2% (3%x4) = 2x(34+4+3x4)
= 2x19

= 24+19+2x19

= 59.

(2%3) x4 = 11x4

= 11+4+11 x4
= 99.
(b) (i)
r*x3 = 19

= x+3+3x = 19
= 4xr = 16

o0 I — 4.

(xx3)+(2%3) = 40
= z+3+3z+2+x+2x = 40
= Tz = 35

e I = 5.
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(iii)
T x = 48
= gs4z+2° = 48
= 224+2r—48 = 0
= (z—6)(z+8) = 0

& x o= 6 or =8
2.2 Properties of Binary Operations

Closure Property: A set A is said to be closed under a binary operation x* if for all a,b € A,
a*b e A. For example, N is closed under the usual addition and multiplication.

Example (2.2.1) Let X = {2 : 1 <2 <4} and let a binary operation * be defined on X such
that for every x,y € X,

T Y =T Xy

where X, is the multiplication in modulo 2. Examine whether or not X is closed under .

Solution: Given that

X = {z:1<x<4}

- {]" 27 37 4}7
Consider the table below.

Xo | 1121134

1 {1]0(11]0

2 10(0]01]0

3 /1l0|1]0

4 10101010

It is clear from the table that X is not closed under * since 0 ¢ X. Commutative Property:
A binary operation * over a set A is said to be commutative if for all a,b € A, axb = bx*a. For
example, the ordinary addition and multiplication are commutative over Q the set of rationals

but the operations of ordinary subtraction and division are anti-commutative over Q.

15



Associative Property: A binary operation * over a set A is said to be associative if for all
a,b,c € A,

ax(bxc)=(axb)xc.
For example, the operations of ordinary addition and multiplication are associative over R the
set of real numbers but the operations of ordinary subtraction and division are not.
Distributive Property: A binary operation * over a set A is said to be distributive over another

binary operation *" also defined over A if for all a,b,c € A,
ax(bx'c)=(axb)« (axc).
For example, over Z the set of integers, the operation of usual multiplication is distributive over
the operation of ordinary addition.
Also, the two operations U and N are distributive over each other since for every set A, B, C,

Au(BNnC) = (AUB)N(AUCQC)

AN(BUC) = (ANB)U(ANCQC).
Example (2.2.2) Let x4 denotes multiplication modulo 6 and let 44 denotes addition modulo
6. Show that xg is distributive over +g.
Solution: Let us pick 8, 11, and 15 from the set of natural numbers. By definition, x¢ will be
distributive over +¢ if and only if

axg(b+ec)=(axgb)+s(axgc) Va,bceN.

Now setting a = 8,0 = 11, ¢ = 15, we have
LHS = axg(b+sc)
= 8 X4 (11 44 15)
= 8Xg2
= 4mod6.

Also put a = 8,b =11, ¢ = 15, we have

RHS = (axgbh)+¢(a xgc)
= (8 xg11) +¢ (8 xg 15)
= 4440
= 4mod6
= LHS.
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Thus, Xxg is distributive over +4. The reader should also try the verification using other natural
numbers.
Identity Element: Let * be a binary operation over a set A. An element e € A is said to be

an identity or a neutral element if for all a € A,
axe=ex*xa=a.

For example in R, the set of real numbers, 0 and 1 are the additive and multiplicative identities

respectively since

O+a = a+0=a
I1xb = bx1l=b VabeR.

Inverse Element: Let * be a binary operation over a set A. An element b € A is said to be an

inverse of an element a € A if for all a € A,
axb=bxa=c¢e

where e is the identity element of the set A. The inverse of a if it exists is generally denoted by

a~!. For example in R, the set of real numbers,
a+(—a)=(—a)+a=0 VaeR

also for all (a #0) € R,

Thus, (-a) is the additive inverse of an element a € R and a™! is the multiplicative of a nonzero
element a € R.

It should be noted that the identity element and the inverse element in a set under a given binary
operation are unique. Also, the existence of an inverse element depends on the existence of an

identity element in a given set under a given binary operation.
2.3 Worked Examples

Example (2.3.1) A binary operation * is defined on R the set of real numbers by

x*y:&, x+y #0.
r+y

(a) Show that * is commutative and associative.
(b) Obtain the values of:

(i) 3%-5 (i1) 247 (i) — 3% (5%—7) (iv) ;*_75
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(¢) Obtain the values of x for which
(1) 3xx=5/7 (i7) (z*3)+ (d*xx)=T1.

Solution: (a)

Ty
r+y
yx
y+x
= y*.

The commutativity of x follows.

For associativity, we must show that for all z,y,z € R, z * (y * 2) = (z *y) * z. Now put

LHS = zx(yx2)
Yz
yt+z
T
y+z y+z
TYZ y y+z

Yy+z xy+xrz+yYz
TYZ
xy + 22 +yz
RHS = (zxy)xz
LY

= * 2z
r+y

TYz Ty
= - + z
rT+y T+y
TYZ o T4y
r+y TY+xT2+Yz

= I *

B TYz
B Ty +x2 + Yz
= LHS.

The associativity of x then follows.

(b) (1)

3 X =5
3% —H =
’ 3-5
15
2
(i)
2x7
2%x7 =
’ 247
14
9



(iii)

122 + 322 + 42% + 122

= 49z — 24z

°
[ X ] T

5 X =T
3% (5% —7) = -3 ( )
* (5 % ) * -
35
— 3=
9
_ —3x D
-3+ 2
_ 105
N 20 °
2 —
2 5 ix
TT T i
—10 | -1
21 T 21
10, -21
21 1
= 10.
. 5
z = =
Y 7
N 3x B §
3+z 7
= 2lz—5x = 15
o 15
[ X ] €T = —_—
16
(x*x3)+ (4*xzx) = 7
3x 4x
=7
3+x+4+x

7(x* + 7Tx + 12)

—84
84
25

Example (2.3.2) The operation * is defined over R the set of real numbers by

1

P*q=p+q—5pq.

(a) Show that * is commutative and associative.

(b) Find the identity element for the operation x.

19
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(c) Find the inverse (under x) of the real number p, stating any value of p for which no inverse
exists.

(d) Determine whether or not

px(q+r)=@*q+(px*r), VYpgqgreR

Solution: (a)

1
p*xq = p+tq-— 5]9(]
= qgTp qu
= q*Dp.
The commutativity of * is immediate.
For associativity, let p,q,r € R. Then
1
prlgxr) = px(g+r—gar)
gt —sar) = splatr— sar)
= r—-qr)— - r— —qr
p q 2(] 2]9 q 2q

1 1 1

1
= prgtr—oqr—opq— oprt o par.

1
(p*q)*xr = (p+q—§pq)*7‘

= (pra—3p0)+r— 3+ 5m)
= (p+a—gpo)+r—5+a—gpa)r

1 1 1 1
= ptq+r—5qr— 5pq— 5pr+ pqr.

2 2 2 4
= px(qx*r).
The associativity of  is immediate.
(b) Suppose that e € R is the identity element for *, then

pxe = exp=2p
1

= pte— ipe = p
= e2-p =0
& e =0 [provided that p # 2].
(c) Suppose that k is the inverse of p under *, then
pxk = kxp=e=0
= pt+k-— ;pk = 0
= k(p—2) = 2p
o 2p

oo Lk = —
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No inverse will exist if p — 2 = 0 that is when p = 2.

(d)

pr(g+r) = p+(q+r)—;p(q+7")

1 1
= p+q+7’—§pq—§pr.
1 1
(p*q)+(pxr) = P+q—gpatptr—gpr
— 2+ L L
= 2ptar—gpq— Gpr

# px(q+7).

Example (2.3.3) Let X be a nonempty set with associative binary operation A. Let z,y,z € X.
Suppose x commutes with y and z, show that x commutes also with yAz.

Solution: Given that x commutes with y and z, then zAy = yAx and xAz = zAz. Now,

eAN(yAz) = (xAy)Az [since A is associative]
= (yAz)Az
= yA(zAz)
= yA(zAx)
= (yAz)Auw.

Evidently, x commutes with yAz.
Example (2.3.4) Let J be a nonempty set with associative binary operation A. Show that the
binary operation V given by

xVy =xAjAy

is also associative. If A is commutative, is V commutative ?

Solution: Given that A is associative binary operation, let x,y,z € J. Then

xV(yVz) = aV(yAjAz)
= zAJA(YAjAz)
S A VAN VAN VAN-S
(xVy)Vz = (xAjAy)Vz
= (zQAjAy)AjAz
= xzAjAyNjAz
= zV(yVz).
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Accordingly, V is associative over J.
Lastly, suppose that A is commutative, then V will be commutative if and only if for all
x,y € J, we can show that xVy = yVx. To this end,
xVy = zAjAy

= zA(jAy)

= zA(yAj)

= (zhy)Aj

= (yAx)Aj

= yA(zAj)

= yA(jLx)

= yAjlAx

= yVu.
The required result then follows.
Example (2.3.5) Consider the set I of ordered pairs

I ={(m,n) : m, n are natural numbers}.

An operation @ is defined on I by

(a,b) ® (¢,d) = (a+c,b+d).

Show that this operation is commutative and associative.
Any two elements (a,b), (c,d) in I are to be considered equal if and only if a+d = b+¢. Show
that any element of the form (n,n) may be regarded as a neutral element with respect to @.
Given that (r,s) is an inverse of (p,q), find the relationship between p, q, r, s. Hence find an
inverse for the element (7,5) and an inverse for the element (m,n).

Solution: Let (a,b), (c,d) and (e,f) be any elements of I. Then

(a,b) ® (¢,d) = (a+c,b+4d)
= (c+a,d+0b)
= (¢, d) ® (a,b).

This shows that @ is commutative.

Also,
(a,0)® ((c,d)® (e, f)) = (a,b)® (c+e,d+ f)
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a+(c+e),b+(d+f))

a+cb+d e (e f)

(

= ((a+c)+e (b+d) +f)
(
((a,0) ® (c,d)) & (e, f)-

This establishes the associativity of @.
Next, given that (a,b) = (¢, d) if and only if a+d = b+c¢, let (e, f) € I be an identity element.
Then for any (a,b) € I,

(@,0) @ (e, f) = (e, f)®(a,b) = (a,b)
= (a+eb+f) = (a,b)
& a+e+b = b+f+a
& e = f=n.
Hence, any element of the form (n,n) where n is a natural number is a neutral element with

respect to @.
Lastly, given that (r,s) is an inverse of (p,q), then

(r,8) @ (p,q) = (p,q) @ (r,s) = (n,n)
= (p+rg+s) = (n,n)
< ptr+n = qg+s+n
& ptr = q+ts (1)

which is the required relationship between p, q, r and s.

To obtain the inverse of (7,5), put (p,q) = (7,5) in equation (1) to obtain
T+r=5+s

This equation is obviously satisfied by » =5 and s = 7. Hence, (5,7) is the inverse of (7.,5).
Using the same procedure, we obtain (n,m) as the inverse of (m,n).
Example (2.3.6) Two binary operations & and ® over the universal set Z are defined by
A B = AUB,
A®B = ANB VA BCZ.

Show that:

(a) @ is both commutative and associative,
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(b) ® is both commutative and associative,
(c) @ is distributive over ®,
(d) ® is distributive over @.
Solution: For every A, B,C C Z, we have

(a)

A®B = AUB

= BUA

= Ba A
A@(Ba(C) = AUu(BUC)
= (AuB)UC
= (AeB)aC.

A®B = ANB

= BNA

= B®A.
A®(B®C) = AN(BNC)
= (AnB)NnC
— (A®B)®C.

A (Be(C) = AUu(BNCQC)
= (AUB)N(AUCQ)

= AeB)®(Aa0C).

A (BaC) = An(BUCQC)
= (ANB)U(ANCOC)
= (A®B)® (A®C).

2.4 Self Assessment Problems
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(2.4.1) A binary operation * is defined over the set R of real numbers by
x*y:x+y—x2y.

(a) Determine whether or not * is commutative and associative.
(b) Evaluate:
(1) 2%3 (1) —bx4 (17d) 3% (4%5).

(¢) Find the value(s) of x for which:
(i) 4%z =34 (it) (3xz)+ (x=3)=S8.

Answer:

(b) -7, -101, 571

(c)-2,-1/3 or -2.

(2.4.2) The function f is defined by

firz—=3r—-2, xzeR.
(a) The binary operation o on the set R is such that

f(poq) = f(p) x f(q) VpqgeR.

(i) Show that po g = 3pg — 2p — 2q + 2.

(ii) Show that o is commutative and associative.

(iii) Find the identity element for the operation.

(iv) Find the inverse (under o) of the real number p, stating any value of p for which no inverse

exists.

(b) Another binary operation e on the set R is such that

()
f(p q)—f(q), fl@) #0 VYpqgeR.
(i) Show that
p+2q—2 2

(ii) Show that e is neither commutative nor associative.

(iii) Determine whether or not
pe(gor)=(peg)o(per) VYpgreR.
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Answer:
(a) (iii) 1 (iv) 255, p = 2/3.
(2.4.3) Let S be the set of all ordered pairs x = (z1, 25) with 27 and x5 real numbers. A binary

operation * is defined on S by
axb= ((llbl — agbg, CleQ —+ agbl) .

Show that this operation is commutative and associative.
Determine the identity element for this operation, and also the inverse of any element x. Hence
solve:

axr =10 wherea = (3,4),b = (5,6).

Answer:

: : _ -1 _ T ) _ (39 =2

identity = (1,0), =+ = (m, x1+$2> x = (%, 2—5)

(2.4.4) Let X be a nonempty set with associative binary operation o. If e and f are elements of
X such that roe =x and f ox =z for all x in X, show that e = f.

Furthermore, if x oy = ¢ = 2z o x, show that y = z.

(2.4.5) For any two subsets X and Y of a universal set Z, the operation e is defined by
XeY =(XNY)U((Y NX,

where X', Y’ denote the complements of X and Y respectively. Show that:

(a) the operation is commutative;

(b) the empty set ) is the identity element for e;

(c) every element is its own inverse.

(2.4.6) Find the identity element, if it exists, and the inverse of 5 when each of the following
operations is defined on R the set or real numbers.

(a) prqg=p+q

(b) p*q=npg

(©) prg=p+q+pg

(d) pxq=pg+2p+2q

(e) pxq=/pq
(f)prg=2+1

(
(

q

g) pxq=2L2—p. Answer:
) 0,-5 (b) 1,1/5 (c) 0,-5/6 (d) no identity (e) no identity (f) no identity (g) 1/2,5/3.

a
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