MTS 102 LECTURE NOTE
FUNCTIONS, LIMITS AND CONTINUOUS FUNCTION
BY
A. D AKWU

Functions of a real variable

(1) Function: Let 2 and y be real number, if there exist a relation be-
tween x and y such that x is given, then y is determined, we say
that y is a function of x and z is called independent variable and y
is the dependent variable, that is y = f(x).

For example: I f f(z) = 2% + 2, then if 2 = 0,1,5, y = 2,3,27
respectively.

(2) Periodic function:

A function which repeats itself at a regular interval of x is called
periodic.

(3) Integral of Definition:

The range of values of x for y is defined is called integral of definition.
For example: If y = \/92_7, the function is undefined if x = 3 or
x > 3. Then the integral of definition for this function is -3 < = < 3.
The function is define for x = —2,—-1,0, 1, 2.

(4) Monotonic function:
f(z1) is monotonic increasing if f(x1) < f(x2) whenever z; < x2.
f(z1) is monotonic decreasing if f(x —1) > f(z2) whenever z1 > x2.

(5) Even and Odd function:

A function f(z) is said to be even if f(x) = f(—x).

For example: f(z) =22+ 1, f(—2) = (—2)?+1=22+1
A function is said to be odd if f(—z) = —f(x).

For example: f(z) = 2, f(—z) = (~2)° = —f(x)

(6) Function:

Given two non-empty sets A and B, if there is a rule, which assigns
an element x € A a unique element y € B, such a rule is called a
mapping. A function is a rule for transforming a member of one set
A to a unique member of another set B. A function from a set A to
as set B is a rule which associates with each member of A a unique
member of B. Then f : A — B. A is called the domain of the
function and B the codomain. A subset of the co-domain, which ia
s collection of all the images of the elements of the domain is called
the Range.

Example 1: What is the domain and range of the function f(x) = z2.
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Solution: For any real number, its square is uniquely defined. There-
fore the domain of f is the set R. The square of any number is never
negative and the square root of any positive real number exists.
Therefore the range is the set of non-negative real numbers.
Example 2: Find the range and domain of f(z) = /(1 — 22)
Solution: The domain is the set B = {x € R : 1—2% > 0}. Therefore
B={zeR:-1<z<1}
The range is the set of real numbers between 0 and 1, that is
C={reR:0<z<1}

Graphs of functions

The graph of a function is pictorial representation of the function by use of
co-ordinate system. The graph of a function f is the collection of all pairs of
numbers (x, f(x)) where x is the domain of f. The function f(z) = z+3 has

a straight line graph ( It will be shown in the class). Consider the function
f(x) = 22, the graph is the collection of points whose co-ordinate satisfy this
equation. The points are (0,0), (1,1),(2,4),(3,9), (—1,1),(2,4), (-3,9), ...(x, z?).
The graph will be shown in the class. The graph of f(x) = 4, f(x) =

z, f(x) = Vx, f(z) = 23, f(z) = sin z, f(x) = cos =, f(x) = tan x will be
shown during the lecture.

One-to-one functions

Functions for which different inputs always give different output are called
one-to-one function (Injective). Thus f : A — B is one-to- one , if f(a) =
f(b) implies that a = b or a # b implies that f(a) # f(b).

Note: If one input gives two different outputs, then the mapping is not a
function.

For example: If f(z) =2z + 1 and x = {3,4,5,6}

f(a) = f(b) = a = b, f(3) =7, f(4) =9, f(5) = 11, f(6) = 13

Onto function

These are functions whose range is equal to the codomain (surjective) while
the mapping f is bijective if it is both injective and surjective.

Composite Functions

Suppose f : A — B and g :— C are two functions. Then go f = A — C
where go f = g(f(x)) is the composite function.
For example: If f : z — 22+2and g : y — /y + 5. Find £(2), f(9(20)), f(g(4)), g(f(4)).
Solution: f(2) =6
9(20) =5 and f(g(20)) =27
g9(4) =3 and f(g(4)) =11
F(4) = 18 and g(f(4)) = V22
The inverse of a function
Let f: A — B.The inverse of f, if it exists is the function y : B — A such
that for all a € A and all b € B, if f(a) = b, then g(b) = a (invertible
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function).
Example: If f : » — 7=5,9 : y — 3y + 2. Determine the function
F o™ (M), £ e @), 97 ()

41
z+2

Solution: f:x —
Letpzi—ié
plr+2)=x+1
pr—x=1-—2p
z(p—1)=1-2p
1—-2p
xr=

Therefore

For g%

Limits
Denote by limxﬂwgf(a:) the right hand limit of f(z), that is the value

which the function f(z) approaches as x approaches z( from the right. Also
limxﬂm(7 f(x) denotes the left hand limit of f(x) as x approaches zy from

the left. Then lim, .., f(z) is the limit of f(x) as = approaches xy from
both left and the right.

Definition of Limits
lim, ., f(z) = L exists if the following conditions are satisfied.
(1) f(x) is defined in an open interval containing xy but not necessarily
at xg.
(2) limméxarf(x) and limm_maf(x) exists, and
(3) limmémgf(a:):limxa%_f(x) =L
Some limits theorem
If limg s, f(z) and limg_.4,9(x) exist, then
(1) limg—q, c.f(z) = ¢ limy_z, f(x), for any c € R.
(2) limg—q,[f(z) £ 9(2)] = limy—g, f(x) £ limy_5, g(x)
(3) limg .y [f (2)-g(x)] = [limg—aq f(2)]. [limg—zy g(2)]
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(4) limg g, [f(2)]" = [limg—a, f(2)]"

(5) limg—zy /f(@) = Vlimg_yy f(2), if limg_yy f(2) >0
(6) limgy_.q, o) _ ooy 7o)y limg_.q, g(z) # 0
(7)

g(z) — limg—ag g(z)’
7) Limits of polynomial 0amd Rational Function:
If f(z) =p(x) =ag+ a1z + ... + apx™, x € R is a polynomial, then
limg .z, p(z) = p(zo) for any z¢ € R.
(8) If f(z) = p(x) and g(z) = ¢q(z) are polynomials and g(z¢) # 0, then

p(z) _ p(xo)
lime a0 7y = Gla0)-

(9) Infinite Limits:
limg_, m% = +oo for any positive integer r.
(10) Limits at Inﬁnity
lzmm_uroo = 0, for any r € R,7 > 0 limg—_oozz = 0, for any
reRr> O
(1) Tf p(z) and gz

then limg, oo

re polynormals such that deg p(z) < deg q(z),

\_/Li/—\\_/

a
i =0
(12) If p(x) and ¢(x) are polynomlals such that deg p(z) = deg q(z),
then limw—>+oo§§ g L, a finite number.
(13) If p(x) and ¢(z) are polynomials, such that ded p(z) > deg q(z),
then limg,3_>+OOm =+

\/

Example 1: Flnd the limits if it exists
(a) limg—Z _11
(b)  limz — 0|x|
Solution:
(a) If f(z) =% _11, then f(1) does not exist. However f(z) = % =z+1
ifax#1
Hence limg_,1 ; T =limg_q(x+1) =2
(b) el ={". "
limg,_o+|x| =0 = lzmx_,of ||
= limgy_olz| =0
Example 2: Determine the limit
(a) limg_3(2® — 22 + 6)
(b)  limg—_1(z? —3)10
(O limg_n(Z22E0)
Solution:
(a) limg_3(2® —224+6) =3 —-2(3) +6 =27
(b)  limg—_1(z% — 3)19 = 1024

. 3_
() limo—2(255) = 4y

Example 3: Obtain the limit

. 2343246

(a) limy—too Pyt
. 2x2 2243
) limg o

(b
Solution:
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: 343246
(a‘) lzm$—>+00 55:—252—:_9

Divide through by the highest power of x
I1,3,6

2tats 0

+5+5
) 2_
(b)  lim—ioo oy =2

= lzm$*>+00

Example4: Find the limit of the function :”12:24 as * — 2 by Le’hospital’s

rule.

Solution:

Differentiate both the numerator and denominator with respect to . Then
we have 2x. limg_22x =4

Continuous function

A function f(z) is said to be continuous at a point z¢ if lim,_,, f(x) =
f(zg), that is: A function y = f(x) is continuous at a point xg if

(1) it is defined in a neighborhood of that point xg
(2) the limit of the function as x tends to xo exist.
(3) this limit is equal to the value of the function at the point x = xy.

Example: Check if the following functions are continuous at the given points:
(8) flo)= -y at x=1
(b) fla)=-4 at z=1
Solution:
(a) f((E) = x2$_2 at x=1
(1) f(1) = &5 = —1 hence f(z) is defined at = = 1
(2) limg—1 "5 = —1; the limits exists.
(3) limg—1 545 = f(1)
Therefore the conditions are satisfied, the function f(z) is continuous at

=1
(b) fla)=- at z=1

(1) f(1) = &5 = oo; f(z) is not defined at = = 1.
(2) limg—1f(x) does not exist at the point z = 1.

Since one of the conditions have been violated then f(z) is not continuous
at the point x = 1.

Limits and continuity of functions of several variables

The function f(x,y) said to tend to limit L as x — z¢ and y — yo written
as

limmazo,yﬁyof(x) =L
If the limit L is independent of the path followed by the point (z,y) as
xr — x9 and y — yo.
Example: If f(x,y) = 32t find limy—1 4o f ().

224y+1°

Solution: limg 1 y—of(x) = 132(}32111 =1
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Also, the function f(z,y) is said to be continuous at the point (z,yg) if
11y gy () = L exists and f(zo, o) = L.

Discontinuous functions

If a function f(z) is not continuous at a point xg then it is said to be dis-
continuous at the point g and the point xq is called a point of discontinuity
of the function.

There are basically two major types of discontinuities.

(1)

Removable discontinuity: If lim, ., f(z) exists and is unequal to
f(xo) then z( is said to be a point of removable discontinuity of
f(x). If that happens, by redefining the function f(z) in a way such
that f(zo) = limy_4, f(x), then f(x) can be made to be continuous
at r = xg.

Example: Show that the function f(z) = z; =2 has a removable
discontinuity at the point z = 2.

Solution:  Since f(x) is not defined at x = 2. Apply Le’Hospital
rule to have lim,_of(x) =4

Redefine the function as f(z) = % =x+2

then f(2) =4 = f(2) =limg—af(x) =4

Thus the function is now continuous at x = 2.

Non-Removable Discontinuity: If the right and left hand limits ex-
ists but unequal, that is limxﬂng(m) # limxﬂxaf(x) or either the

limxHxSrf(x) or limxﬁxaf(x) does not exist then such function f(z)
is said to have non-removable discontinuity at x = xq

Example: The function f(z) = sin L is continuous for « # 0. The
function has non-removable discontinuity at x = 0. Both right and

left hand limits does not exist.



