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0.1 THE DERIVATIVE

Calculus is the mathematics of change , and the primary tool for studying
change is a procedure called Differentiation.

Rate of Change and Slope

A straight line y = max + b has the property that its slope is the same at
all points. For any other graph, however, the slope may vary from point to
point. Thus the slope of the graph of y = f(x) at the point x is itself a
function of . At any point = where the graph has a finite slope we say that
f is differentiable and we call the slope the derivative of f.

The derivative of a function is another function f defined by

£ )ty L) = 1)

h—0 h

at all points = for which the limit exists (i.e. is a finite real number). If f'(z)
exists, we say f is differentiable at x.

REMARK: The value of the derivative of f at a particular point x, can be
expressed as a limit in either of two ways

7 (o) = i LN = @) _ oy, J(@) = J(@0)

h—0 r—x0 Tr — X

In the second limit z,th is replaced by x, so that h = x — 29 and h — 0 is
equivalent to x — xg.

The process of calculating the derivative f* of a given function f is called
differentiation.

Example: Use the definition of the derivative to calculate the derivatives of
the functions



(a)  f(z)=ax+D
(b)  flz) =2
(c) glo)=3
Solution:
(a.) By the definition of the derivative
vy o flath) — f(2)
flz) = lim h
— im a(x+h)+b— (ax +b)
h—0 h
i
=
f(z) = a
(b.) By the definition of the derivative
, . fle+h)— f(o)
flz) = lim h
. (z+h)?—
= h
2hx + h?
= lim ———
h—0 h
= lim(2z + h)
h—0
f(z) = 2z

(c.) By the definition of the derivative

: gz +h) —g(x)

i) = T
1

1
T (z+h)
=

lim £ (x+h)
h—0 h(x + h)z

= lim——o—-ov—
B xz(x + h)
/ 1

g(x) = )

Derivative Notation:

The derivative f'(z) of y = f(z) is sometimes written as j—g or % (read as

"dee y,dee x" or "dee f, dee x"). In this notation, the value of the derivative
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at x = ¢ [i.e f'(c)] is written as

d
e o T

dx

dy
dx

For Example , if y = 22, then % = 2z and the value of this derivative at

dx
r=-31is p
Y
Yoy s =2-3)
The % notation for derivative suggests slope, %, and can also be thought

of as ” the rate of change of y with respect to x". Sometimes it is convenient
to condense a statement such as

"when y = 22, then Z—g = 22"

by writing simply
d ., o
@(fﬁ )

by writing simply %(;1:2) = 2x. Which reads " the derivative of x with respect
to x is 22"

Techniques of Differentiation

If we had to use the limit definition every time we want to compute a deriv-
ative, it would be both tedious and difficult to use calculus in application.
In this section, we develop the techniques that greatly simplify the process
of differentiation.

The Constant Rule
For any constant c

d
%[C] =0

i.e the derivative of a constant is zero

The Power Rule
For any real number n



2 2_ -1
2. #[Va% = f(28) = Ja57" = fa5
3 A = ) =5 = e

The Constant Multiple Rule
If ¢ is a constant and f(z) is differentiable, then so is ¢f(x) and

L lef(a)] = e[ 7))

1. £(32%) = 3L(2") = 3(4a®) = 122°

dx
— _1 =3 =3
2. () = A(-Tad) = ~T(~1aF) = Ja

The Sum Rule
If f(z) and g(z) are differentiable, then so is the sum S(x) = f(x) + g(z)
and S'(z) = f'(x) + ¢ (z); that is

L17@) + 9(@)] = (@) + o)

Example: Differentiate the following polynomials
1. y =523 — 422+ 122 — 8
2. y=22°— 3277

Solution:
(1) Differentiating y we have

dy d 3 2
< = 534 122 — 8
I dx[a: x4+ 12z ]
d d d d
= 5 — [—4a? 12 —[-8
—[52°) + [~ da?] + —[12¢] + - [-8
= 1522 —8z' +122°+ 0
= 1522 — 8z + 12



(2) Differentiating y we have

d d
% = 5[2;1:5—3(1:_7]
d d
- 9 5 el -7
d:c[:E]—i_d:c[ 3z~

= 10z* + 21278

The Product Rule
If f(x) and g(z) are differentiable, then so is their product P(x) = f(z)g(x)
and that is

or equivalently (fg) = fg' + gf

Example of Product Rule
(a) Find Zify= (2y7 + )3z — 2)

Solution: Applying the Product Rule with f(z) and g(z) being the two
functions enclosed in the large parenthesis, we obtain

b (o) ()
) () ) ()

4+ =
222 3

) Let 4 = uv be the product of the functions v and v. Find y'(2) if u(2) = 2,

(
u'(2) = —5,0v(2) =1, and v'(2) =3

Solution: From the product Rule we have
y = (w) =uv+uw

Therefore

y(2) = u(2v(2) +u(2)v'(2)
= (=5)(1) +(2)(3)

— —5+46

=1



The product rule can be extended to products of any number of factors, for
instance

(fgh)'(x) = [ (2)gh(z)+ f(x)(gh) (x)

!/

f(@)g(x)h(z) + f(z)g (2)h(z) + f(z)g(x)h (x)

In general, the derivative of a product of n functions will have n terms; each
term will be the same product but with one of the factors replaced by its
derivatives

(filafs - fa) = fifofs  fa+ fifafs fat o+ fifafs fo

The Reciprocal Rule
If f(x) is differentiable and f(x) # 0, then ﬁ is differentiable and

(3) 0= i

Example: Differentiate the function

1

Loy= x2+1
2 f(1)=
Solution:

1. Using the Reciprocal Rule
dy d 1 B 2z
dr  dr \22+1) (224 1)
2. Using the Reciprocal Rule
/ -1 1
t) = 1-—=
10 = (- w)
P (-1
(12
1—¢
(t2 + 1)2

The Quotient Rule
The Product Rule and the Reciprocal Rule can be combined to provide a



rule for differentiating a quotient of two functions. Observe that

i (o) = & (1050)

If f(z) and g(z) are differentiable at z, and if g(x) # 0 then the quotient
I(

—g is differentiable at  and

Q

(z)’ (o) = 90 (@)~ @)y @)

9

Example: Find the derivatives of

_z?
Loy=1
__ a+bl
2. f(0) =225
Solution:

a.) Using Quotient rule we have:

dy  (1+ 2%)(—2z) — (1 —2?)(2z) 4x

dr (1 + 22)? (1 + 22)?
b.) Using Quotient rule we have:

ooy (mAnB)(b) — (a+b0)(n)  mb—na
J0) = (m + nf)? ~ (m+n)?

The Chain Rule
If y = f(u) is a differentiable function of v and u = ¢(x) is in turn a
differentiable function of z, then the composite function y = f(g(z)) is a
differentiable function of x whose derivative is given by the product

dy dy du

dr  du dx
or equivalently by

Y ) @)



Example: a.) Find % ify=(22+2)>-3*+2)*-1

Solution: Note that y = u® — 3u? + 1, where u = (22 + 2).

Thus Z—g = 3u® — 6u and Z—Z = 2x and according to the chain rule.

dy _ dy du

dz du dx
= (3u® — 6u)(22)
= [3(z* +2)* - 6(z* + 2)|(22)
= 6x(2? +2)[(2* +2) — 2]
= 6x(2® +2)a?
= 62°(2% +2)

b.) Consider the function y-*=, where u = 32% — 1

dy  (w+ 1)) —u(l)
du (u+1)2

(u+1)2

and J
o 6x

dx
According to the chain rule, it follows that

dy _ dy dv

dx du  dr

1
- {(u + 1)21 o
6x
(ut1)?
6x
(322 —141)2
6x




Derivatives Of Trigonometric Functions

~ (sin )
—(sinz) = cosz
dx
%(cos xr) = —sinz
e (tanz) = sec’w
%(cot r) = csc’x
d ( ) d 1
—(secz) = —
dx dz \ cosz
= secxtanz
d ( ) d 1
—(cscr) = —
dx dx \sinz
= —cscxcotw
Example: Differentiate the following.
1. y =3z + cot (%)
3
2. 9= sz
Solution:
1.) Differentiating y = 3z + cot (%) we have
d d
GO [33:+cot <g>}

dx dx
3

3
sin 2z

i = s

we have

2.) Differentiating y =

dz dz | sin 2z
= %[3 csc(2x)]
= (2)3(— csc(2z) cot(2x))
= —6.csc(2z) cot(2x)
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Differentiation of Exponential Function
The derivative of the exponential function

d x x
%(e )=e
for every real number z. If u(x) is a differentiable function of x, then

d
%(eu(az)) _ eu(x

ydu
dx

Example: Differentiate the function f(z) = e* 1.

Solution: Using the Chain rule with u = 2% + 1, we find

f/(fL’) _ 6:r:2-|—1 |:di(l,2 + 1):| _ 2x€x2+1
x

Differentiation of Logarithm Function

The derivative of Inz
i(ln z) = 1
dx o

for x > 0. If u(z) is differentiable function of x, then
d 1 du

ﬁ[ln u(z)| = w(@) dz

Example: Differentiate the function f(x) = In(2z® + 1).

Solution: Let f(z) = Inu, where u(z) = 22 + 1

’ 1 du
f(x) = dr
1 d

3
a3+ 1%(23: +1)
32
213 + 1
622

223 + 1
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Logarithmic Differentiation

Sometimes you can simplify the work involved in differentiating a function if
you first take its logarithm. This techniques is called Logarithmic differenti-
ation.

Example: Differentiate the function

Solution: Quotient rule and Chain rule could be used but the resulting
computation could be tedious. A more efficient approach is to take the
logarithm of both sides of the expression of f

o) = [ L]

= Invr+1-In(l - 32)*
Inf(x) = %ln(:c +1) —4In(1 — 3x)

Using chain rule for logarithm to differentiate both side.
f(x) 1/ 1 -3
= - —4
f(x) 3\z+1 1—3x
_ L1y, 12
o 3\z+1) 1-3
/ 1 1 12
Jx) = ﬂ@§<x+1)+1—3x
/ B {\3/334—1}{1( 1) 12]

(1-32)*] |3\z+1) "1-3z

3

Implicit Differentiation

The functions of the form y = f(z) in which the dependent variable y on the
left is given explicitly by an expression on the right involving the independent
variable x. A function in this form is said to be in explicit form.
Example y = 22+ 3z + 1,y = V1 + 22

But equation such as 22y = 5y3 +x , 22y + 2y = 32+ 2y is said to define

y implicitly as a function of z and in such function y is said to be implicit
form.
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To compute the g—g of this function, we use a simple techniques based on the
chain rule that you can use to find g—g without first solving for y explicitly.
This technique, known as Implicit differentiation, consists of differentiating
both sides of given equation with respect to x and then solving algebraically

d
for 2.
Example: Find 2 if 2%y + y? = 2

Solution: Let y = f(z)

d d
L@+ (F@)?) = )
x2%+f(x)%(x2)+2f(x)% = 322
:UQZ—Q: + f(z)(2z) + Qf(x)% = 322
x2%+2f(x)% = 32° - 2xf(x)

x?+2f(2)L = 32% — 22 f(x)
af 3z — 2z f(x)

dx 22+ 2f(x)
Finally, replace f(x) by y to get
dy  3x* —2zxy
dr 22+ 2y

Maximal and Minimal

Increasing and Decreasing Function: Let f(z) be a function defined on
the interval a < = < b, and let x; and x5 be two numbers in the interval.
Then f(x) is increasing on the interval if f(z5) > f(x;) whenever x5 > ;.
f(z) is decreasing on the interval if f(z5) < f(x1) whenever x5 >

13



(a.) f(z) is increasing on a < z < b

(b.) f(z) is decreasing on a < x < b

A function is said to be increasing when f'(z) > 0 and it’s said to be de-
creasing when f' () <0 .

The graph of the function f(z) is said to have a relative maximum at x = ¢
if f(c) > f(x) for all x in an interval @ < x < b containing c. Similarly, the
graph has a relative minimum at x = ¢ if f(¢) < f(z) on such an interval.
Collectively, the relative maximal and minimal of f are called

Relative Extrema. A number ¢ in the domain of f(z) is called a critical
number if either f'(c) = 0 or f'(c) does not exist. The corresponding point
(¢, f(c)) on the graph of f(x) is called a Critical Point.

Conditions for Maximal and Minimal

1. Let f(x) be maximal at © = ¢. Now just before the maximal value i.e.

14



at © = ¢, the function is increasing (see Fig a). Therefore,
’ dy
f(x)= T +ve

Just after the maximum value i.e. at x = ¢ the function is decreasing
(see fig a). Therefore

/ d
f(x)z%z—ve

Thus in passing through a maximum value at x = ¢ the derivative
changes its sign from +ve to —ve. Therefore

f’(x)zj—iantX:c

2. Again if y = f(z) is maximal at x = ¢ then j—g changes from +ve to
—ve as it passes through x = ¢. Therefore

% is a decreasing function

So the derivative of % should be negative at x = ¢ or

dzy
— = —ve
dx?

at x =c

Here are the two conditions for maximal

1. =0

d2
2. d_x:g = +ve

Example

Find the points at which the function y = 23 + 622 — 152 + 5 has maximum
and minimum values

Solution

y = 2% 462> —152+5
2 = 322412z —15

15



For maximal and minimal % =0

322 +12x—15 = 0

2?+4r -5 = 0
r = 1 or 5
After differentiating (ii) we have
7 d2y

1. Whenz =1 , &% — 62 4+ 12 = +ve.

) dZ'Q -
The given function is minimum at z = 1

Minimum value of the function is

y = 2462 —152+5
= (1> +6(1)*—15(1) +5
= 1+46-15+5
= -3
2. When z = —5, 24 = 6(—5) + 12 = —18 = —ve.

9 dm2
The given function is maximum at x = —5.

Maximum value of the function is

y = a° 462> — 152 +5
= (=53 +6(=5)* —15(=5) +5
= —125+150+75+5
= 105

Curve Sketching;:
Limit involving infinity can be used to graphical features called asymptotes.
In particular, the graph of a function f(z) is said to have a Vertical As-
ymptote at = = ¢ if f(x) increases or decreases without bound as = tends
toward ¢, from either the right or the left.

For instance, consider the rational function

rz+1

As x approaches 2 from the left (z < 2), the functional values decreases
without bound, but they increase without bound if the approach is from the
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right (x > 2). This behaviour is illustrated in the table and demonstrated
graphically below.

X 1.95 | 1.97 | 1.99 | 1.999 2 2.001 | 2.005 | 2.01

flx) =221 -59 | -99 | -299 | -2999 | undefined | 3001 | 601 | 301

Vertical Asymptotes The Line z = c is a vertical asymptote of the graph
of f(x) if either

lim,_,.~ = 400 (or —00)
or
lim, .+ = +00 (or —o0)

In general, a rational function R(x) = % has a vertical asymptotes = = ¢

whenever ¢(c) = 0 but p(c) # 0.

Horinzontal Asymptotes The horizontal line y = b is called a horizontal
asymptote of the graph of y = f(x) if either

lim, , =0
or
lim, . oo =0
A General Procedure for Sketching the Graph of f(x)

1. Find the domain of f(z) (that is where f(x) is defined)

2. Find and plot all intercepts. The y intercept (where z = 0)and the z
intercept (where f(z) = 0)
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. Determine all vertical and horizontal asymptotes of the graph. Draw
the asymptotes in a coordinate plane.

. Find f'(x) and use it to determine the critical number of f(z) and
intervals of increase and decrease.

. Determine all relative extrema (both coordinates). Plot each relative
maximum with a "cap"(N) and each relative minimum with a "cup"(U)

. Find f"(z) and use it to determine intervals and points of inflection.
Plot each inflection points with a "twist" to suggest the shape of the
graph near the point.

. You now have a preliminary graph, with asymptotes in place,intercepts
plotted, arrows indicating the direction of the graph, and "caps", "cups",
and "twist" suggesting the shape at key points. Plot additional points
if needed, and complete the sketch by joining the plotted points in
the directions indicated. Be sure to remember that the graph cross a

vertical asymptotes.
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EXERCISE 1
Find the derivative of the following functions:

l.y=a"

2. y=

10. Find £ (Y51 o2

11. y = V/sinx
12. y = 2e3* + tanz — cos 2z + 9sin~ 'z

13. y = a®sinx cosx

14. y = sin*x cos® »

15. Ifx3y+xy3—3xy2:8Find%andg%’atw:&y:Q

EXERCISE 2
Differentiate the following Logarithm and Exponential Function.

1. L(z) = In 552=8

2. f(z) = %
3. 9(s)=(e"+s+1)(2e° + )

. g(u) =In(u+ Vu? +1)

5. y = 23 tanx

=~
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6. y=1In (fi;)
7. y = In (cos:rJrsinz)

cos z—sinx

EXERCISE 3

Find the value of x for which the following function is a maximum, minimum.
1. y =923 — 4522 + 48z + 11
2. y=11—12x + 62% — 23
3. y=(zv—2)3(x — 3)?

4. y = 3sin’x + 4cos*w
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